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Abstract:

16

Geomaterials exhibit elastoplastic behaviour during dynamic and repeated loading

17

conditions. These loads are induced by the passage of a train or vehicle which then

18

generates recoverable (resilient) deformation and/or permanent (plastic) deformation.

19

Modelling this behaviour is still a challenge for geotechnical engineers as it implies the

20

understanding of the complex deformation mechanism and application of advanced

21

constitutive models. This paper reviews on the major causes of permanent deformation

22

and the factors that influence the long-term performance of materials. It will also present

23

the fundamental concepts of permanent deformation as well as the models and approaches

24

used to characterise this behaviour, including: elastoplastic models, shakedown theory

25

and mechanistic-empirical permanent deformation models. This paper will focus on the

26

mechanistic-empirical approach and highlight the evolution of the models, and the main

27

similarities and differences between them. A comparison between several empirical

28

models as well as the materials used to develop the models is also discussed. These

29

materials are compared by considering the reference conditions on the type of material

30

and its physical state. This approach allows for an understanding of which properties can

31

influence the performance of railway subgrade and pavement structures, as well as the

32

main variables used to characterise this particular behaviour. An innovative ranking of

33

geomaterials that relate to the expected permanent deformation and classification (UIC

34

and ASTM) of soil is also discussed because it can be used as an important tool for the

35

design process.
1

36

Keywords – mechanistic-empirical permanent deformation models, permanent

37

deformation, laboratory tests, ranking

38
39

Notation list:

40

The most common variables and acronyms are presented:

41

UIC - International Union of Railways

42

ASTM - American Society for Testing and Materials

43

SS - single-stage

44

MS - multi-stage

45

RLT – repeated load tests

46

Mr - resilient modulus

47

N - load cycles

48

p - permanent strains

49

p - mean stress

50

q - deviatoric stress

51

qf - deviatoric stress at failure

52

pam - amplitude of the mean stress for train loadings

53

qam - amplitude of the deviator stress for train loadings

54

pini - mean stress in the initial state of the material

55

qini - deviator stress in the initial state of the material

56

1 ord - cyclic vertical stress or cyclic deviator stress

57

3 or 3 - Horizontal/confining stress

58

1/1:f - failure ratio of the major principal stresses

59

oct - octahedral normal stress
2

60

oct - octahedral shear stresses

61

m and s - defined by the Mohr-Coulomb yielding criterion q=s + mp; m is the slope

62

WL - liquid limit

63

WP – plastic limit

64

IP – index plasticity

65

Cu - coefficient of uniformity

66

Cc - coefficient of gradation
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1

68

Pavements and railway structures are designed for a certain lifespan and they usually

69

require reconstruction and/or major maintenance work because the materials may

70

experience fatigue, cracking or be under an excessive amount of cumulative permanent

71

deformation (or rutting in the case of pavements) due to the passage of traffic. Plastic or

72

permanent deformation usually occurs in the geomaterials (base, sub-base or subgrade

73

soils) which are responsible for the surface rutting and that can lead to significant

74

passenger discomfort (Puppala et al., 2009). This is why knowing and understanding the

75

deformation and failure mechanisms of geomaterials under dynamic and cyclic loading

76

are so important when designing and planning the maintenance of pavements and railway

77

structures (Li and Selig, 1996). Indeed, an accurate estimation or prediction of the amount

78

of cumulative settlement will help pavements and /or railway structures avoid a mediocre

79

performance (Barksdale, 1972, Monismith et al., 1975, Puppala et al., 1999). This is why

80

the permanent deformation of geomaterials should be included in the design since

81

otherwise it can lead to higher annual rehabilitation costs (Puppala et al., 1999).

82

Over the past decades, researchers have been so concerned about permanent deformation

83

and they continually search for the most accurate methods and models that will measure

84

and predict these values (Monismith et al., 1975, Lentz and Baladi, 1980, Ullidtz, 1993,

85

Gidel et al., 2001), among others. To achieve these objectives, laboratory investigations

86

using cyclic triaxial tests, simple and cyclic shear tests, resonant column and hollow

87

cylinder tests, among others have been carried out. These tests were often used to

88

determine shear stress-strain behaviour, resilient modulus (Mr) of subgrade geomaterials

89

considering reversible and irreversible deformation under cyclic loads (Gomes Correia,

90

2004, Correia, 2008). The reversible (elastic) is usually described by non-linear elastic

91

models, but since permanent deformation is more complex, it depends on the

92

accumulation of N loading cycles.

93

One of the main objectives of this paper is to review on the main causes of permanent

94

deformation on pavements and railway structures and the factors that can increase this

95

phenomenon. It is noted that while the materials should be able to resist permanent

96

deformation, this resistance will depend on the number of load cycles and stress levels

97

(Lekarp and Dawson, 1998), the thickness of the layer, and the granulometry of the

98

material. This also includes other external factors such as the physical state of the soil,
4
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99

which is often difficult to control because it depends on other environmental aspects such

100

as the moisture content, and degree of saturation, etc.

101

The behaviour of geomaterials under cyclic loads can be characterised by either using

102

complex elastoplastic models (recoverable and permanent deformation are both

103

considered) or by shakedown theory and mechanistic-empirical models (Hornych and

104

Abd, 2004). The elastoplastic models, however, despite their ability to accurately predict

105

permanent deformation (the loading history is considered because the equation is solved

106

based on incremental steps), they are difficult to implement, time consuming, and

107

complex (Ling et al., 2017). Most of these models only consider a low number of load

108

cycles, which is not in accordance with the in situ conditions where the number of loads

109

is up to million cycles. Indeed, these models are very demanding computationally because

110

they require the simulation of repeated load applications in pavements/railway structures.

111

The development of formulations based on cyclic constitutive laws may be expressed

112

through conventional concepts such as the yield condition, hardening and flow rules. The

113

main problem with the numerical implementation is that the increment of permanent

114

deformation per cycle becomes very small quickly, and this leads to problems with the

115

computational accuracy of the results (Abdelkrim et al., 2003). The focus of this work

116

will be on mechanistic-empirical models. These models are based on extensive laboratory

117

testing results, so they can correctly simulate the response of materials; they are easy to

118

implement, and they depend on fewer parameters than conventional elastoplastic models.

119

In order to select the best testing approach and the most suitable model, it is important to

120

understand the conditions needed for its development such as the properties of the

121

materials tested, degree of compaction, moisture content, etc., as well as the main

122

variables/factors that can influence the response of the material. This paper reviews on

123

the existing methods used to estimate the irreversible deformation of geomaterials,

124

followed by a parametric study that includes comparisons among some selected models

125

on different materials with different classifications (UIC and ASTM), properties,

126

granulometry, and physical states. This comparison allows to estimate the permanent

127

deformation and to rank materials according to the predicted deformation data and soil

128

classification, which is a helpful tool in the design of the pavement and railway structures.

129

It is also noted that this ranking should be interpreted as a reference value because it

130

depends on several properties and soil conditions.
5
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Permanent deformation occurs in pavements and railway lines due to repeated traffic

133

loading; and if the volume of traffic is high enough it may lead to permanent deformation

134

and/or structural failure. Therefore, it is crucial to identify the main causes of permanent

135

deformation and adopt appropriate measures, even during the design process.

136

Furthermore, transition zones are also important areas due to the possible development of

137

differential settlement due to differences in stiffness between two contiguous structures

138

such as between a ballasted and slab track, or a bridge and a plain track (Figure 1). In fact,

139

the degradation in these zones often accelerates because the differential settlement

140

increases the dynamic effects (Indraratna, 2019).

141

Another important cause of permanent deformation is related to the complex stress

142

conditions as geomaterials are subjected to vertical, horizontal and shear stresses during

143

the passage of vehicles as well as the effects of moving loads; all of which implies the

144

rotation of principal stresses.

145

Flexible road pavements often consist of an upper layer of asphalt over unbound granular

146

layers (base, subbase), which have been compacted over a proper soil subgrade. These

147

unbound granular layers provide a structural role, but in some cases when subgrade has

148

an adequate bearing capacity, rutting still occurs in the granular layers causing fatigue

149

cracking in the bituminous layers. This means the bituminous layers and the subgrade

150

will lead to permanent deformation. In rigid pavements, only the subgrade leads to the

151

development of permanent deformation.

152

Post settlement in railway structures is often caused by the self-weight of the embankment

153

and traffic loading. Permanent deformation includes the settlement of the roadbed beneath

154

the track and the subgrade. Several studies show that the main influencing factors are the

155

level of stress and stress history; in fact the experimental results and field measurements

156

show that the dynamic and cyclic loads from train passage make a significant

157

contribution. It is noted that although both structures are affected by permanent

158

deformation, pavements and railway structures have different dynamic effects on the

159

structure where the dynamic effects are more severe on railway structures.

160
161
162
163

Permanent deformation has a significant effect on the performance of structures because
it leads to an increase in maintenance operations and costs, and reduces ride quality.
Despite this is long-term behaviour, it must be predicted during the design stage
because although the accumulation is very small during each cycle, it may still lead to
6
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164
165

d – deviator stress

the ultimate collapse of the structure (excessive rutting) due to the accumulation of
millions of cycles.

1st cycle 2nd cycle

Increment deformation Resilient
(second cycle)
deformation

 – axial or shear deformation

Cumulative plastic deformation
(after two cycles)

166
167

Figure 2 & Figure 3 show that the permanent deformation can be defined and

168

characterised by the accumulation of small increments of deformation during N loading

169

cycles. Several studies show that permanent strains depend directly on the mean and

170

deviator (p and q, respectively), levels of stress (Lekarp et al., 2000). The mean stress is

171

dependent on the sum of the principal stresses while the deviator stress is dependent on

172

the sum of squares of the differences of the principal stresses:
𝑝=

𝜎1 + 𝜎2 + 𝜎3
3

1
𝑞 = √ × √(𝜎1 − 𝜎2 )2 + (𝜎2 − 𝜎3 )2 + (𝜎3 − 𝜎1 )2
2

(1)

(2)

173
174

2.1

175

Permanent deformation is a complex process that directly depends on the number of load

176

cycles (N) and stress levels. While these factors can be divided into load-related factors

177

and material properties, the load factors will include applied stress levels, number of load

178

applications, the strength of material, as well as the loading history and the effect of

179

principal stress rotation. However, other factors can also influence the plastic strain:
7

Factors influencing the permanent deformation

180

moisture content (degree of saturation), matric suction, fine content, density (degree of

181

compaction), aggregate type, particle size distribution (gradation), and the amount and

182

type of fines (plastic or non-plastic) (Lekarp, 1999, Xiao et al., 2015). Gidel et al. (2001)

183

found that for unbound granular materials, the mineralogical nature of material (including

184

aggregate mineralogy and particle morphology) also influences permanent deformation

185

(Coronado et al., 2011). This factor has important effects on particle shape, the quality of

186

the fines content, and sensitivity to water and surface roughness. However, the stress level

187

and number of load cycles emerge as the most important factors. In fact those models that

188

only consider the value N should not be used to predict permanent deformation because

189

it is too simple and lacks accuracy.

190

In specific cases of pavements and railway structures, the stress conditions are important

191

because the track foundations are subjected to complex vertical, horizontal and shear

192

stresses. Furthermore, railways and pavements present other complex problems related to

193

the effects that moving loads have on track foundation; for instance, the rotation of

194

principal stresses affects plastic strain. Chan (1990) showed an increase in permanent

195

deformation when the rotation of principal stresses were included. These tests took place

196

in a hollow cylindrical apparatus which allows for simulation in the laboratory and similar

197

conditions to be verified in situ.

198

3

199

There are a number of laboratory tests currently used to evaluate the permanent

200

deformation of geomaterials; they attempt to reproduce in situ stress conditions in

201

pavements and railway structures. The cyclic triaxial test is the most widely used to study

202

of geomaterials subjected to cyclic loads. However, in these tests, the principal stresses

203

are always horizontal or vertical, which may not always correspond to in situ conditions

204

where the materials are subjected to moving loads and rotations of principal stresses. The

205

cyclic vertical stress, designated as 1, is applied, and horizontal stress, designated as the

206

confinement stress - 3 is also applied. This test begins when deviator stress is applied,

207

and then the applied vertical progressively increases until it reaches an allowable

208

displacement of the apparatus.

209

Another test used to evaluate permanent deformation is a cyclic torsional test, which also

210

includes a hollow cylinder test. This particular test enables the magnitude and the

211

direction of principal stresses to be controlled. In fact, this test device has been developed
8

Laboratory testing

212

to study permanent deformation and resilient behaviour by considering the rotation of

213

principal stresses, and then applying the laboratory results to in situ conditions. In this

214

case, the specimen is cylindrical and hollow. The main limitations of this test are the

215

dimensions of the sample and the stress path can only be simulated on the symmetrical

216

plane of the track. However, the results show that the permanent deformations are often

217

higher in this test than the convention cyclic triaxial tests due to the simulation of the

218

rotation of principal stresses.

219

Cyclic shear tests can also be used to study the dynamic behaviour of soil. In this test the

220

sample is cylindrical and a horizontal shear force is applied to the bases of the samples.

221

This test can also be used to evaluate stability under seismic events, to quantify the

222

degradation of shear stress in cohesive soils under cyclic loads, and to evaluate the

223

liquefaction parameters of non-cohesive soils under cyclic loading.

224

There are also other approaches for studying the permanent deformation of geomaterials;

225

for example, while expensive, physical models (1-to-1 prototype model test) can be used

226

to evaluate the performance of geomaterials and the stability of structures subjected to

227

dynamic and repeated loading. These models will provide actual field data to help

228

understand the behaviour of railways and pavements under moving loads, and enable the

229

study of permanent deformation and the stresses induced in soil through proper

230

measurement devices.

231

While small scale models of railways were introduced in the past (Momoya Y. et al.,

232

2005, Al Shaer A. et al., 2008), several models focusing on the development of permanent

233

deformation of railways under cyclic loadings or moving loads at low speed (Bian et al.,

234

2014) are currently available. However, the field measurements and numerically

235

calibrated results show that increased train speed has a huge influence on the long-term

236

performance of a structure (i.e., higher dynamic stresses and higher permanent

237

deformation). A test facility should be able to simulate the actual speed of a moving train

238

under very large number of load cycles. This means that full-scale models are better

239

because the measured results from a test can be considered directly in the track design

240

and maintenance operations as this approach reduces any uncertainties in the

241

measurements (Bian et al., 2014).

9
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4

243

Permanent deformation can be predicted either by numerical simulations using

244

elastoplastic models utilising the shakedown theory or mechanistic-empirical

245

deformation models based on laboratory tests such as cyclic triaxial tests or hollow

246

cylinder apparatus. In addition, the accumulated permanent deformation can be measured

247

by the repeated load triaxial (RLT) tests developed in the laboratory.

248

Mechanistic-empirical permanent deformation models have become much more complex

249

due to the inclusion of other variables, apart from the number of load cycles and stresses.

250

More recently, a study to correlate the resilient modulus (Mr) with the permanent strains

251

(p) has been developed. Studies that relate the two parameters (Mr and p) have shown

252

that for subgrade soils, Mr has a significant effect on the p or pavement rutting since soils

253

with a higher Mr present less permanent strain (Orobio and Zaniewski, 2011, Rahman and

254

Gassman, 2019). However, mixed soils such as silty sand or sandy silts still show

255

significant rutting despite having higher resilient characteristics (Ullidtz, 1993, Puppala

256

et al., 2009).

257

Existing permanent deformation models can be divided into two main categories: rutting

258

models based purely on mechanics, and mechanistic-empirical models. Rutting models

259

are based on elastoplastic theory (Desai, 1980, Desai and Faruque, 1984, Vermeer, 1982,

260

Uzan, 1999, Chazallon, 2000, Chazallon et al., 2002, Chazallon et al., 2006). While they

261

can consider how the stress levels and stress paths can affect permanent deformation, they

262

are very complex and difficult to use because: (i) the increment of permanent strain per

263

cycle is very small; and (ii) the response of the track in each cycle is a challenge for cyclic

264

constitutive models (Chazallon et al., 2006) and numerical implementation (Abdelkrim

265

et al., 2003) due to the extensive calculation time and cumulative errors.

266

Mechanistic-empirical models often describe a relationship between the number of load

267

cycles and the accumulated permanent deformation. They are very simple to use, the

268

numerical results can be obtained very quickly, and they also predict permanent

269

deformations very well. However, one of the particularities of these models is that their

270

derivation from triaxial tests; which means the conventional and well-known heart-

271

shaped stress path (stress rotation) induced by the passage of trains cannot be reproduced

272

in this type of laboratory test.

10

Modelling approaches

273

Mechanistic-empirical models can be divided into single-stage models and multi-stage

274

models. A single-stage implies that the repetitive load tests are carried out at one stress

275

level in one test; in this instance, multiple specimens are tested at different stress levels.

276

Multi-stage models can test multiple levels of stress in one test on one specimen. This

277

approach enables the effects that the stress level and stress history has on permanent

278

deformation to be considered (Grégoire, 2011).

279

Shakedown theory

280

Shakedown theory is another approach used to characterise load-deformation responses

281

of geomaterials. This theory was developed initially based on the behaviour of metals

282

subjected to repeated loading. Werkmeister et al. (2002) further developed to apply for

283

unbound granular materials. The cyclic loads may not lead to instantaneous collapse of

284

the structure since they can induce plastic strain in the material in every load cyclic.

285

Indeed, if the load level is lower than a critical limit, the material will show permanent

286

deformation in the first load cycles. However, after a certain number of N, the material

287

will respond elastically to the subsequent load cycles. This phenomenon is defined as

288

shakedown and this critical limit is called shakedown limit.

289

Here, the material is divided into three categories (by considering its stress dependency):

290

range A, range B, and range C, as shown in Figure 4.

291

Werkmeister (2003) defined the shakedown limits based on the repeated load triaxial test

292

(RLT); these values are also defined by EN13286-7 (2004a):

293

•

Range A: (𝜀𝑝 5000 − 𝜀𝑝 3000 ) < 0.045 × 10−3

294

•

Range B: 0.045 × 10−3 < (𝜀𝑝 5000 − 𝜀𝑝 3000 ) < 0.4 × 10−3

295

•

Range C: (𝜀𝑝 5000 − 𝜀𝑝 3000 ) > 0.4 × 10−3

296

These limits represent the deformation that accumulates between the 3000th and 5000th

297

number of load cycles.

298

Figure 4 shows that Range A is designated as plastic shakedown where the permanent

299

deformation stabilises after a finite number of load cycles and the material becomes

300

completely resilient. In fact, after a certain point, the cyclic stress does not cause any

301

damage to the structure, which means that the permanent deformation does not increase

302

and the failure does not occur. Range B is designated as the intermediate-range where
11

303

accumulated deformation increases without complete stabilisation. In this case,

304

permanent deformation develops at a very slow rate and is almost linear. Range B occurs

305

when the repeated load cycles overcome plastic shakedown and failure can occur after a

306

large number of load cycles. Range C is defined as incremental collapse because the

307

permanent strain accumulated per cycle increases until the failure occurs. This is caused

308

by shear failure associated with the reorientation and rearrangement of particles,

309

breakage, and the slip and loss of friction between the particles (Sun, 2019). Indeed,

310

failure can occur after a low number of loading cycles. This type of behaviour should

311

never be accepted, unlike materials in the range A or even range B. It is reported in recent

312

studies that the shakedown limits were used for the pavement analysis (Qian et al., 2018,

313

Qian et al., 2019b) and in railway structures (Alves Costa et al., 2018).

314

The shakedown analysis is used to find the shakedown limit of structure under cyclic

315

load. In the case of railway structure, the shakedown is used to predict whether the

316

settlement will keep increasing or reach a stable status. Indeed, there are studies

317

(Werkmeister S, 2005, Brown et al., 2012) about laboratory studies based on different

318

types of materials (granular and soils) where the possibility of shakedown under traffic

319

loads was evaluated (Liu and Wang, 2019). Indeed, the shakedown approach has

320

becoming very popular in pavement engineer, where some progress had been reported

321

(Collins and Boulbibane, 2000, Chazallon et al., 2009a, Chazallon et al., 2009b,

322

Chazallon et al., 2012, Brown et al., 2012). Keep this phenomenon in mind, in order to

323

prevent excessive permanent strain in a certain structure it is important to guarantee that

324

the loading level is below the elastic shakedown limit. Indeed, the assessment of this limit

325

is not easy since demands a significant computational effort mainly in 3D modeling since

326

the loading time-history needs to be considered.

327

Considering the classical limit analysis theory, two main theorems were formulated to

328

define the limits of shakedown load; the lower bound theorem (conservative solution) and

329

the upper bound theorem (unconservative solution). The application of the lower bound

330

theorem demands an accurate evaluation of the elastic response of the track’s foundation

331

due to the traffic. A numerical model can be used to assess the elastic dynamic response

332

of the system (Alves Costa et al., 2018). During the shakedown phenomenon, the structure

333

is subjected to a load that is lower than this limit but higher than the elastic limit and, after

334

the accumulation of permanent deformation in the beginning (finite number of cycles),

335

the material start to show elastic response and after this point, there is no accumulation
12

336

of permanent deformation. This behavior is explained by the total stress field that is given

337

by the sum of the residual stress field with origin in the previous cycles. These

338

conclusions were also obtained by Wang and Yu (2013). The key point of this problem

339

is the assessement of the oad that is compatible with shakedown state. The lower bound

340

theorem states that an elastic perfectly plastic material will shakedown if it is possible to

341

fund a time-independent, self-equilibrated, residual stress field thatcombined with cyclic

342

elastic stresses gives rise to a stress field that no violates the yielding criterion. The

343

shakedown will occur if the following condition is respected (any time and any location):
𝑓(𝜆𝜎𝑖𝑗𝑒 + 𝜎𝑖𝑗𝑜 + 𝜎𝑖𝑗𝑟 ≤ 0

(3)

344

where f represents the yielding criterion,  is a load factor of stress field, 𝜎𝑖𝑗𝑜 is the rest

345

stress state, 𝜆𝜎𝑖𝑗𝑒 are the elastic stresses induced by the cyclic loads and the residual stress

346

field is given by 𝜎𝑖𝑗𝑟 . The maximum value of , corresponds to the lower value of the

347

shakedown multiplier. The kinematic shakedown theorem states that if any kinematic

348

acceptable mechanism of plastic deformation can be found, the shakedown phenomenon

349

can not occur since the structure will fail due to fatigue (Alves Costa et al., 2018).

350

Having realised the importance of elastoplastic models and shakedown theory as

351

approaches to predict permanent deformation, the mechanistic-empirical models are also

352

an essential approach and will be presented in the next section. These models are simple

353

and they present an elegant formulation with good results, particularly when compared to

354

the laboratory tests and in situ measurements.

355

5

356

The mechanistic-empirical model is often derived from laboratory test results such as the

357

triaxial cyclic tests, direct shear tests or large-scale cubical tests. There have been a

358

number of predictive models used to study permanent deformation range from purely

359

empirical to mechanistic and plasticity theory-based models. However, some of these

360

models are only applicable to specific stress states or testing conditions so they have never

361

been evaluated for a wide range of stress states, or types of materials and their physical

362

conditions (Xiao et al., 2015).

363

It is noted that most of the developed models considered total stress conditions, while

364

ignoring the importance of suction. With regards to the resilient modulus (Mr), there have

365

been several studies about the influence that suction has on the Mr even though this
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366

influence is not widely used in the study of plastic strains (Coronado et al., 2016). Salour

367

and Erlingsson (2016) used a triaxial testing system to control the pore-water pressures

368

of a specimen, so the tests for permanent deformation took place with the control matric

369

suction of the soil samples, and an effective stress approach has been used for modelling.

370

The mechanistic-empirical permanent deformation models can be divided by considering

371

the materials used in the tests, the approach used during the tests, and the complexity

372

(variables included in the model), as illustrated in Figure 5 and described in the following

373

sections.

374

5.1

375

Empirical permanent deformation models can be divided by classifying materials tested

376

as cohesive and granular materials. In the Annex, Table 1 and Table 2 present summarises

377

of the empirical models that characterise the permanent deformation of cohesive

378

materials, fine-grained soils–clays and grained soils–silts, respectively. In addition, Table

379

3 and Table 4 present key features of empirical models that can be used to obtain the

380

irreversible deformation of granular materials classified as sands and sandy gravels,

381

respectively.

382

5.1.1 Cohesive materials

383

The plastic strain that accumulates in cohesive materials is a result of the plastic

384

deformation of shear strain, the accumulation of strain due to compaction, consolidation,

385

and associated residual accumulation of excess water pressure. Models for cohesive

386

materials should consider the stress state, the type of soil, and the physical state of the

387

materials, and variables related to the moisture content and dry density. These types of

388

materials are also influenced by environmental conditions and traffic loading, so

389

regardless of the physical state of the material, its influence is considered in most models,

390

and indirectly in the material parameters/constants, as summarised in the Table 1 and

391

Table 2.

392

The shakedown behaviour of cohesive soils is characterised by the stress-strain loop, and

393

when the load increases, the progressive transition of material from plastic shakedown

394

through plastic creep to incremental collapse can be identified (Yang and Huang, 2007).

395

Yang et al. (2008) indicated that it is not possible to identify the pattern for the cohesive

396

materials shown in Figure 4. Under lower levels of stress, the subgrade (of a pavement or

397

railway structure) will reach an equilibrium strain state after a certain number of load
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398

cycles. In these cases, plastic strain accumulates very slowly as the number of load cycles

399

increases. As expected, the rutting of pavements or even the failure of subgrade can be

400

prevented by controlling the accumulation of excessive plastic strain by keeping

401

repetitive load levels below the critical stress. Tests results have shown that subgrade soils

402

can easily accumulate excessive plastic strain at high water content, but this will vary

403

depending on the environmental conditions (Yang and Huang, 2007).

404

5.1.2 Granular materials

405

There have been substantial studies on the use of permanent deformation models for

406

granular materials because of their common use in pavement/railway structures

407

(Indraratna, 2013). The study of granular materials subjected to repetitive loads is fostered

408

by the gradual accumulation of multiple increments of plastic deformation (Figure 3), that

409

could lead to pavement failure due to excessive rutting (Lekarp et al., 2000). In order to

410

justify the use of these materials in pavements some researchers tried to correlate

411

repetitive loading with simple static loading tests (Lentz and Baladi, 1980), but there was

412

no consensus with this approach because granular materials respond differently under

413

static and cyclic loads (Sweere, 1990). Other studies also tried to correlate resilient and

414

plastic deformation through a mathematical expression.

415

With regard to resilient behaviour, researchers choose a different approaches. Jouve et al.

416

(1987) proposed decomposing axial and horizontal stresses and strains into volumetric

417

and shear components, even though this expression depends on the permanent volumetric

418

and shear strain (N>100) with the mean and deviatoric stresses. Other studies have

419

expressed permanent strain as a function of the number of load cycles (Barksdale, 1972,

420

Sweere, 1990, Wolff and Visser, 1994, Khedr, 1985, Paute et al., 1988, Paute et al., 1994),

421

and some researchers related permanent strain with the stress level and stress ratio (Brown

422

and Hyde, 1975, Barksdale, 1972, Pappin, 1979). Lekarp et al. (2000) found a dependency

423

between permanent strain, and the maximum stress ratio and length of the stress path in

424

p-q space. In fact, applied stress is one of the primary factors that can influence the

425

permanent deformation of aggregates (Xiao et al., 2015). To simulate the correct response

426

of granular materials subjected to cyclic loads (similar to in situ conditions) in a

427

laboratory, variable confining pressure triaxial tests are a practical approach because the

428

effect of horizontal and vertical stresses can be combined.
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429

The behaviour of granular materials under cyclic loads is complex due to the gradual

430

accumulation of permanent strain with the number of load cycles. When a cyclic load is

431

applied to a material there is a gradual accumulation of plastic deformation, a reduction

432

in the number of voids, and an increase in stiffness (Erlingsson and Rahman, 2013, Ba,

433

2018). As with cohesive soils, the shakedown theory can be used to classify the response

434

of the material in terms of permanent deformation. Furthermore, physical characteristics

435

such as granulometry (poor or well graded) can also influence the response of granular

436

materials, as well as their physical state (Gomes Correia, 2000). However, in most

437

empirical models these variables are not directly considered.

438

5.2

439

Based on approach and procedures for a cyclic load test, mechanistic-empirical models

440

can be categorised as either single-stage (SS) or multi-stage (MS) models. Single-stage

441

models mean that repeated load test (RLT) are performed at one stress level in one test,

442

while multi-stage models mean that RLT tests are performed at multiple stress levels in

443

one test on one specimen. This approach is a relatively recent which considers how the

444

stress level and the stress history will affect permanent deformation (Erlingsson and

445

Rahman, 2013). Actually, a multi-stage RLT better represents reality and the real

446

conditions of soils in the field that are subjected to cyclic loads. With the MS approach,

447

the influence of different stress paths with different magnitudes (representing the

448

influence of the effects of stress history) can be analysed. This approach is referred to in

449

EN13286-7 (2004a) and it allows for the application of a certain number of consecutive

450

stress paths to the same specimen, thus reducing the time spent in the laboratory, but it

451

also increases the complexity compared to the single-stage RLT. Gidel et al. (2001)

452

introduced this concept into their work, as did Erlingsson and Rahman (2013) noting that

453

their work was based on the time-hardening concept introduced earlier by Lytton et al.

454

(1993) and Gidel et al. (2001). In this method the permanent deformation formulation is

455

modified (Erlingsson and Rahman, 2013):

456

Approach

𝜀𝑝 = 𝑓1 (𝑁)𝑓2 (𝑝, 𝑞, 𝜀𝑟 )

(2)

𝜀𝑝 = 𝑓1 (𝑁 − 𝑁𝑖−1 + 𝑁𝑖𝑒𝑞 )𝑓2 (𝑝𝑖 , 𝑞𝑖 , 𝜀𝑟𝑖 )

(3)

to

457

where, the subscript i refers to the ith stress path and 𝑁𝑖𝑒𝑞 is determined by considering

458

the following expression:
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𝑁𝑖𝑒𝑞 = 𝑓3 (𝜀̂𝑝𝑖−1 , 𝑝𝑖 , 𝑞𝑖 , 𝜀𝑟𝑖 )

(4)

459

where, 𝜀̂𝑝𝑖−1 is the accumulated permanent strain at the end of the (i-1)th stress path.

460

Despite the reduction in time, most of the models presented in the bibliography are

461

developed under the single-stage RLT like the Korkiala-Tanttu (2005) model.

462

5.3

463

Empirical permanent deformation models have been changing over time with an increase

464

in their complexity (variables included in the model). Most models establish a

465

relationship between permanent deformation with the number of load cycles and the

466

levels of stress. Some initial studies on resilient and permanent strains only considered

467

the number of load cycles (Barksdale (1972). Despite their simplicity, these models have

468

some historical significance and enable us to understand why stresses are an important

469

factor when determining permanent deformation. In fact, some of these models did

470

consider the stress conditions indirectly in their constants, as presented in Table 5. Some

471

studies showed the importance of the stress state and its influence was considered in the

472

permanent deformation models, as shown in Table 6. It is noted that most of the empirical

473

permanent deformation models the stress levels are defined through the deviatoric (q) and

474

mean (p) stresses.

475

The most recently well-known models are an improvement on the others. Indeed, the first

476

model only depended on the number of load cycles (N), whereas later models depended

477

on the stress levels and some included the influence of stress indirectly (through their

478

constants); these models are still simple as those developed by Monismith et al. (1975),

479

Sweere (1990) and Huurman (1997).

480

Most models depend directly on the mean (p) and deviatoric (q) stresses and evaluate the

481

length and slope of the stress path through the relationship established between q and p,

482

as does the model developed by Hyde (1974), Lekarp and Dawson (1998) and Rahman

483

and Erlingsson (2015). This model is dependent on the factor Sf:

Complexity

𝜀𝑝 (𝑁) = 𝛼𝑁𝑏𝑆𝑓 𝑆𝑓
𝑞
(𝑝 )
𝑎
𝑆𝑓 =
𝑝 𝛼
(𝑝 )
𝑎

(5)

484

Nevertheless, these models have considered the influence of stress dependency by

485

including the stress ratio; for example Huurman (1997) included the effect of the stress
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486

ratio on one of his model constants by considering the failure ratio of the major principal

487

stresses 1/1:f. This formulation means the deformations are larger when the failure ratio

488

is close to failure. The model define the ratio as the relationship between deviatoric stress

489

and deviatoric stress at failure (q/qf) because the deviatoric stress is supposed to be the

490

most dominating stress component for permanent strains (Li and Selig, 1996, Chai and

491

Miura, 2002, Korkiala-Tanttu, 2005, Chow et al., 2014, Xiao et al., 2015, Yesufa and

492

Hoffa, 2015, Gu et al., 2016). The model developed by Gidel et al. (2001) and further

493

extended by Chen et al. (2014) is more complex because it depends on the failure criterion

494

by including the strength parameters m and s of the Mohr-Coulomb yielding criterion.

495

Subsequently, there have been several models including the influence of initial stress

496

indirectly and explicitly (Chai and Miura, 2002, Chen et al., 2014, Ling et al., 2017, Wei

497

et al., 2017) that can explain the apparent decrease of permanent deformation as the initial

498

mean stress increases. Put simply, a higher initial stress leads to a greater distance to the

499

failure criterion which then leads to a lower value of permanent deformation. Some other

500

recent models based on the power-law, p = A·Nb include, among other factors, the

501

octahedral normal and shear stresses (oct and oct) instead of the p and q in the

502

formulation of the model (Puppala et al., 1999, Puppala et al., 2009, Cai et al., 2015).

503

There are more complex models that also include the influence of the physical state of

504

the material, as for example, the model by Xiao et al. (2015), but this model depends on

505

several parameters that can be very difficult to obtain.

506

To simulate and predict permanent deformation, the most suitable model for each

507

analysis/situation must be chosen, therefore the model must be selected according to the

508

material to be tested and its physical condition. The model must then be evaluated

509

according to its complexity in terms of modelling to the number of variables required by

510

the formulation, and to its efficiency and accuracy with regards to expected results. A

511

simpler model could easily represent in-situ conditions rather than complex models that

512

depend on several variables that may be needed to carry out certain laboratory tests.

513

6

514

This section attempts to compare different permanent deformation models available for

515

different types of soils considering the model developed by Chen et al. (2014). Whereas

516

this comparison depends on the soil classification, the results go beyond the soil type.
18

A comparison of permanent deformation models – parametric study

517

Indeed, while two soils can be integrated into the same classification (UIC or ASTM), the

518

laboratory conditions may differ greatly and therefore lead to different results.

519

It is noted that Chen et al. (2014)’s model considers the stress level (the model includes

520

the amplitude of diagram p-q), the number of load cycles, the initial stress state, and it

521

quantifies the proximity of the peak stress point (pmax, qmax) to the yielding criterion. This

522

particular model, therefore, includes several important conditions in its analysis of

523

permanent deformation.

524

For all the experimental data, calibration was performed to find the best fit for the

525

experimental data through the parameters p;o,  and  (correspond to material

526

properties), presented in the following equation:
𝜀1𝑝 (𝑁)

=

𝜀1𝑝0 [1
∙

√𝑝𝑎𝑚 2 + 𝑞𝑎𝑚 2
)
− 𝑒 −𝐵𝑁 ] (
𝑝𝑎

𝑎

1
(𝑞 + 𝑞 )
𝑝
𝑠
𝑚 (1 + 𝑝 𝑖𝑛𝑖 ) + 𝑝 − 𝑖𝑛𝑖𝑝 𝑎𝑚
𝑎𝑚
𝑎𝑚
𝑎𝑚

(6)

527

where, pam and qam are the amplitude of the mean stress and deviator stress for train

528

loadings, m and s are defined by the yielding criterion q=s + mp; and pini and qini are the

529

mean and deviator stress in the initial state of the material.

530

These selected materials are representative of different types of materials (silt and sand),

531

the percentage of fines, and the granulometry (poor and well graded sands), as depicted

532

in Table 7. The models are calibrated considering the same stress paths for all materials

533

during the calibration process. The stress path described by Chen et al. (2014) is carried

534

out by a cyclic deviator stress of 24 kPa and a constant confining stress of 60 kPa. During

535

the cyclic tests the stress ratio (d/c) is constant at 0.4, which is a representative ratio in

536

the subgrade of a full scale model test. It is noted that other confining stresses from 60

537

kPa to 210 kPa were also tested. The stress path and the Mohr-Coulomb yielding criterion

538

of each material are shown in Figure 6 showing the stress path applied on the cyclic

539

triaxial test (with a stress ratio equal to 0.4); and the failure envelopes of different

540

materials used in the laboratory tests. The failure envelopes are defined through the Mohr-

541

Coulomb yielding criterion from the expression q = s + mp.
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542

It is seen that the distance between the stress path and the failure envelopes influence the

543

development of permanent deformation. In order to understand which main factors

544

influence cumulative settlement, and compare the long term response of the materials

545

selected, three main models were selected and calibrated as introduced by Huurman

546

(1997), Chen et al. (2014) and Rahman and Erlingsson (2015); these models have been

547

formulated and developed under different conditions in terms of materials and applied

548

stress ratios, as described below.

549

With the Huurman (1997) model, the samples are tested according to their optimum

550

moisture content and with a confining pressure equal to 12 kPa, whereas with the Chen

551

et al. model, the specimens are saturated and the boundary is the drainage condition. With

552

the Rahman and Erlingsson (2015) model, the influence that the moisture content has on

553

permanent deformation, and the degree of saturation, is analysed but this analysis only

554

considers the optimum moisture content for each type of soil. Confining pressure, 3 is

555

tested as 27.6, 41.4 and 55.2 kPa, and cyclic deviator stress varies according to the stress

556

path. Thus, the development of these models includes laboratory conditions such as soils

557

under different state conditions and different stress conditions.

558

Whereas Huurman (1997) considers seven poorly graded sands and one well-graded sand

559

(designated as crusher), only C. Bruynweg and Crusher corresponds to the poor and well-

560

graded sands are analysed (Table 8). In addition, the C. Bruynweg was selected as the

561

stress ratio is similar to the one carried out by Chen et al. (2014). The remaining sands

562

were tested for stress conditions close to failure (1/1;f close or equal to one), which is

563

outside the representative stress conditions of this study. In this work, the parameters of

564

Huurman’s model are adjusted so that the parameters p0, a and  can be obtained; this

565

adjustment took place through the formulation lscurvefit in Matlab.

566

In Rahman and Erlingsson (2015), two silty sands are analyzed and compared with the

567

parameters of Chen’s model. The study also shows a correlation between the p0 and 

568

parameters and the moisture content. In the work developed by Chen et al. (2014), a

569

coarse sand and a silt are analysed and then the properties of these materials are divided

570

according to their granulometry (Table 8), their state conditions (Table 9), and their

571

failure parameters (Table 10).

572

It is important to first consider Huurman (1997) work in order to understand the influence

573

that granulometry (well and poorly graded soil) has on permanent deformation. The
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574

analysis utilises the following stress ratios: 0.695, 0.803, 0.911. Figure 7 shows that well-

575

graded sand has larger permanent deformation values for each stress ratio, which means

576

that granulometry has an important influence on permanent deformation, as expected.

577

Table 11 presents the calibrations of the models for each selected soil where a regression

578

analysis was performed. It is seen that there is some correlation (exponential and

579

polynomial) between the three constant variables - p0,  and  (superior to 0.7) - but

580

correlation between the constant variables and UIC classification (QS1, QS2, and QS3)

581

is only residual.

582

The comparison between the permanent deformation curves presented in Figure 8. It is

583

seen that the results of silty sand and coarse sand (43% and 27% of fines) are very close,

584

whereas the well and poorly-graded sand and silt are at opposite sides (the highest and

585

smallest value of permanent deformation). This result is related to QS3-SW sand because

586

a lower value was expected in comparison to QS2-SP. Another important fact is related

587

to the influence of the stress ratio; in this instance, the permanent deformation results are

588

not 100% aligned with those presented in Figure 6 because higher permanent deformation

589

is expected when the stress path is close to the yielding criterion that depends on the

590

values s and m of the Mohr-Coulomb yielding criterion. This means that in addition to

591

the strength properties, the soil physical properties (represented by the constants in the

592

model) are also important in permanent deformation.

593

7

594

The materials and calibration process described in the previous section enable the results

595

to be interpreted and the materials can be ranked according to their resistance to

596

permanent deformation (Coronado et al., 2011). This information can then be used to

597

predict permanent deformation during the design process. The ranking process provides

598

reference values according to the type of material as well as the moisture content close to

599

optimum conditions. In reality, Figure 9 is a re-interpretation of Figure 8. This innovative

600

procedure enables the expected values of permanent deformation to be compared

601

according to the type of material through the UIC and ASTM soil classification; this

602

ranking also includes different types of soils (clays and sands) and different granulometry.

603

Figure 9 shows that the materials classified as CL-ML have a higher permanent

604

deformation than the sands (SM, SP, and SW), while the sands with fines have a higher

605

deformation than the SP and SW sands; therefore this parameter influences the permanent
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606

deformation and ranking of the geomaterials. During the design process the long-term

607

behaviour of the materials can be estimated, even though the permanent deformation will

608

be influenced by their state conditions such as the moisture content; therefore the

609

influence of this parameter in this analysis must be traduced.

610

Among other factors, moisture content also influences permanent deformation. Puppala

611

et al. (2009) developed a model which depends on the octahedral normal and shear

612

stresses (Table 1 and Table 3). Different materials, clay, silt, and sand with moisture

613

contents ranging from dry of optimum, optimum and wet of optimum were tested. Three

614

different confining pressures were applied to the clay and silt (0, 21 and 42 kPa), and

615

confining pressures of 21, 48 and 97 kPa were applied to the sand. The deviatoric stress

616

was determined by considering a percentage of the maximum deviatoric stress of each

617

soil sample obtained in the unconsolidated undrained triaxial tests, so the deviatoric stress

618

varies from 0.2d,f, 0.4d,f and 0.6d,f.

619

To evaluate the influence that the moisture content has on permanent deformation, the

620

results from Puppala et al. (2009) are used, but this analysis only focuses on the behaviour

621

of clay (QS1 – CL) because it was not contemplated in previous studies. This exercise

622

shows how important this parameter is, and the consequences in terms of permanent

623

deformation when the moisture content moves away from the optimum conditions.

624

Material properties are presented in Table 12, and as with the previous models and

625

materials, the curve of permanent deformation has been adjusted to obtain the model

626

parameters.

627

Figure 10 shows that the differences between dry, optimum and wet materials in terms of

628

permanent deformation after 30 000 cycles is significant; the optimum material is 4-8

629

times higher than the dry material, and the wet material is 1-2 times higher than the

630

optimum conditions. Therefore, when the moisture content is far away from optimum

631

conditions, the variations of permanent deformation in the clays are substantial. In dry

632

conditions, this value decreases significantly and in wet conditions, it increases which

633

means that maximum permanent deformation occurs when the moisture content is beyond

634

optimum (wet) due to an increase in the residual accumulation of excess water pressure.

635

8

636

The ability to determine the permanent deformation of geomaterials is very important

637

when modelling and evaluating the performance of pavements and railway structures; it
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638

is also a key factor when estimating future maintenance operations and the respective

639

costs. This review paper has aimed to frame the main reasons why permanent deformation

640

models were developed, particularly in pavements and railway structures. However, some

641

issues related to traffic-induced permanent deformation weren’t evaluated in this paper,

642

such as the estimation of the dynamic stresses and strategies to simulate the effect of

643

rotation of principal stresses. Indeed, these topics will be evaluated in further works

644

related with the numerical modelling of a railway structure, including the influence of the

645

train’s speed in the stress results and permanent deformation. It is expected that the train’s

646

speed will increase the stress amplitude (the stress path is close to the yielding criterion)

647

and also the permanent strain.

648

In this paper, it was found that permanent deformation can be evaluated and predicted

649

through laboratory tests, and most mechanistic-empirical models were based on cyclic

650

triaxial tests.

651

Main concepts of permanent deformation and the laboratory tests used to predict them

652

were reviewed, the approaches used to simulate permanent deformation such as

653

elastoplastic models, shakedown theory, and mechanistic-empirical models were

654

discussed. The definition of the shakedown is a very popular approaches nowadays since

655

allows to prevent plastic deformation that can be critical after some years of exploration.

656

This method became popular in pavement engineering with inclusion of 3D modelling

657

and generalization of the method for non-isotropic materials. However, the application of

658

the shakedown analysis in railway engineering is limited. The shakedown approach

659

however, demands the accurate assessment of the response of the track foundation due to

660

railway traffic, which also demands powerful numerical modelling. It was found that the

661

mechanistic-empirical model reduced the time needed for calculations, it has simple and

662

elegant formulations, good predictive results, and is easy to implement in a numerical

663

scheme. These mechanistic-empirical models were defined and categorised according to

664

the materials tested, the approach used in the laboratory (single-stage or multi-stage), the

665

complexity of the formulation, and the variables included in the mathematical expression.

666

It was concluded that the permanent deformation models should also include the influence

667

of the main stress variables (p and q), the initial state of the materials, the number of load

668

cycles, and the distance to the rupture line; moreover the constant parameters should also

669

reflect the influence of factors such as the state conditions of the material. However, those
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670

complex mechanistic-empirical models that depend on several variables can also imply a

671

need for tests other than a standard triaxial cyclic test, in order to obtain more parameters.

672

The mechanistic-empirical models summarised in the Annex were divided according to

673

the type of material (clay, silt, sand and gravel) to better understand the model’s

674

formulation and the condition of the material tested in terms of its granulometry (Cu and

675

Cc) and plasticity properties (WL, WP, and IP). The Tables also include some observations

676

regarding the laboratory tests and classification of the material (UIC and ASTM). This

677

information (including the classification) can be very helpful when modelling sub-

678

structure and predicting its performance.

679

Considering the available mechanistic-empirical models as well as understanding the

680

main variables and factors that can affect the long-term response of geomaterials, it is

681

important to evaluate the robustness of the models and their sensitivity. Thus, some

682

models and materials were selected to perform a parametric study. The choice depends

683

on the data available for each material and the diversity and variability of the geomaterials

684

(type of soils) in terms of its granulometry, percentage of fines, moisture content, and

685

plasticity properties, etc.

686

In the comparison analysis: silt, silty sand, and sand were divided according to properties

687

such as the percentage of fines (27% and 43%) and granulometry (poor and well-graded

688

materials). Selected experimental results found in the literature were then adapted to

689

Chen’s model. The calibration process was performed to compare the long-term response

690

of these geomaterials, after which they were defined and ranked based on the results of

691

permanent deformation. This ranking tool can be used during the design process for

692

estimating the permanent deformation of a certain type of material after N loading cycles,

693

while considering the ASTM and UIC classification. As expected, the comparison showed

694

that the values of permanent deformation decreased according to the UIC classification,

695

so well-classified materials showed a reduction in permanent deformation. Furthermore,

696

the deformation behaviour of these materials also depended on their granulometry, the

697

percentage of fines, and the moisture content. Based on the proposed ranking, a brief

698

analysis has been carried out to understand and quantify the influence of the moisture

699

content. The results showed that for a material classified as QS1 (CL), designated as clay,

700

the moisture content exerts a significant influence on permanent deformation.
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Annex
An extensive list of the permanent deformation based on laboratory tests are presented in
this Annex.
Although these tables are constructed in a uniform manner, especially the nomenclature
of the variables and the parameters and characteristics of the materials, the authors still
maintained the original symbols and nomenclature describe in the original paper.
Some models were developed using certain SI units, and where possible these units are
described in the column “variables and empirical constants”.
The permanent deformation is an adimensioal parameter that can also be designated as
permanent strain and its numenclature varies, as mentiond above. The permamen strain
is defined as change in the length of the material and expressed as a function of the length
being changed, The plastic/permanent deformation is defined as not recoverable. The
materials that are part of the pavements and railway structures accumulate some amout
of permanent deformation due to the traffic cyclic load. The stress parameters (induced
by the cyclic loads) are one of the main inputs of these models. The inclusion of this
parameter in the permanent deformation model varies as well as the numenclature.
Indeed, there are models dependent on the p and q (mean and deviatoric) stresses or on
the octahdral stresses, for example.
In the permanent deformation tables the deviator stress is represented by qd, q or d, the
variable for the atmospheric pressure/reference stress is represented by atm, p0, pa or pref,
while the equation models were developed under different conditions, so permanent
deformation is represented in the following tables by the nomenclatures: p, p1,N, 𝜀𝑧𝑝 , q;r
(axial residual strain), 𝜀1𝑝 , p (N), 𝜀1𝑝 (𝑁). The constants of the models used to fit the model
to the available data, are represented by different letters and symbols which are defined
as material parameters, model constants, and model parameters and soil parameters, as
listed in the permanent deformation tables.
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Table 1. Summaries of permanent deformation models for fine-grained soils - clays
UIC

-

ASTM
classification

-

Author’s
model

Monismith et
al. (1975)

Equation
Model

Variables and
Empirical Constants

𝜀 𝑝 = 𝐴𝑁 𝑏

Parameters and
characteristics

- p is the plastic
deformation (%);
- N is the number of load
cycles;
- A and b are two
parameters that
represent the influence
of other factors.

-

- qs is the initial static
deviatoric stress;
- n=constant.

-

- 𝜀𝑝1,𝑁 is the axial
permanent deformation
for the cyclic load N;
- 𝜀𝑝1,0 is the
cummulative axial
permanent deformation
after the first cyclic
load;

-

𝑚

𝑞𝑑
𝜀 = 𝑎 ( ) (1
𝑞𝑓
𝑝

-

-
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-

-

Chai and
Miura (2002)

Yesufa and
Hoffa
(2015)*

𝑛

𝑞𝑠
+ ) 𝑁𝑏
𝑞𝑓

𝜀𝑝1,𝑁 = 𝑁 𝑚(1−(𝜎𝑑 /𝑞𝑠 ) 𝜀𝑝1,0

Observations
- This model has a limited
practical used since there are
other factors, besides N, that
can influence the permanent
deformation;
- b is an independent
parameter on the deviatoric
stress;
- The coefficient A
corresponds to the plastic
deformation after the first
cyclic load.
- This model includes the
effects of initial static stress,
the magnitude and number of
applied loads associated to
the passage of the vehicle,
and the properties of the
subsoil in terms of
compression and strength.
- The parameters of these
materials were found through
triaxial tests: the static
deviatoric stress comes from
the difference between the
axial and confining stress in
failure;
- 𝜀𝑝1,0 is from the equivalent
static load in the first cyclic

- d is the deviatoric
stress induced by the
passage of the vehicle;
- qs is the static stress
measured on the soil;
- m is a constant
determined to fit the
laboratory test’s
results.

-

QS0
High plasticity
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-

CH
Fat clay

Cai et al.
(2015)

Li and Selig
(1996)

load (based on the plasticity
theory).

-  and  are
constants of the model
and determined through
𝜀𝑧𝑝
laboratory tests;
𝜎𝑜𝑐𝑡 𝛼3 𝜏𝑜𝑐𝑡 𝛼4- oct and oct are the
) (
)
= 𝛼1 𝑁 𝛼2 (
normal and shear
𝜎𝑎𝑡𝑚
𝜎𝑎𝑡𝑚
octahedral stresses,
𝛼5
respectively;
(√1 + 4𝜂2 )
- atm is the reference
stress;
-  is the cyclic torsional
stress ratio.

𝑚

𝑞𝑑
𝜀 = 𝑎 ( ) 𝑁𝑏
𝑞𝑓
𝑝

- qd is the traffic-loadinduced dynamic
deviator stress;
- qf is the static failure
deviator stress of soil;

-

- a=0.64;
- b=0.10;
- m=1.7.

- This model is based on a
series of tests using the
hollow cylinder apparatus.
The characteristics of the
permanent deformation of a
sand were then studied in
drained conditions by
considering different
confining stress levels, ratio
of the cyclic vertical stress
and ratio of the cyclic
torsional stress;
- The model was developed to
include the rotation of
principal stresses.

- a, b and m are soil
parameters and are
related to the plasticity
index of the subsoil.

QS0
Heavy clay

QS0
WL=60%
High plasticity
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CH
Fat Clay

(without
enough data
to carry out
the ASTM
classification
)

Puppala et al.
(1999)

Wei et al.
(2017) –
based on
Guo (2013) (Wenzhou
structural
clay)

- A,  and  are soil
𝑝
log 𝜀
parameters;
= log 𝐴
- oct and oct are the
𝜎𝑜𝑐𝑡
octahedral normal and
)
+ 𝛼 log 𝑁 + 𝛽 𝑙𝑜𝑔 (
𝜎𝑎𝑡𝑚
shear stresses,
respectively.

𝜀𝑞,𝑟 = 𝐴𝑁 𝑏 ;
𝐴 = 𝜀𝑞,𝑟 = 𝛼𝐾𝑞 𝐾Τ 𝐾𝛼 𝐾𝜎

- WL=93%;
- The model was tested based
- WP=29%;
on triaxial tests;
- IP=64% (high
- During this study, materials
plasticity);
such as well graded sand,
- Sand content=0%;
silty clay and clay were
- Silt content=5%;
considered.
- Clay content=95%.

- 𝜀𝑞,𝑟 is the axial residual
strain;
- A is the residual strain
generated in the first
cycle;
- b is a material
parameter determining
the cumulating rate of
the residual strain with - Wn=60-62%;
loading cycles and is
- Gs=2.71; St=5.9;
equal to the gradient of - M (critical stress
the residual strain curve
ratio) = 1.31.
in the ln 𝜀𝑞,𝑟 – ln N
coordinate;
- 𝐾𝑞 and 𝐾Τ are
functions to reflect the
effect of wheel loadinduced stress;
- 𝐾𝛼 and 𝐾𝜎 are
functions to reflect the
effect of initial static

- This model is based on the
power function developed by
Monismith et al. (1975);
- The parameter A depends on
the initial stress state and the
imposed dynamic stress on
non-remoulded Wenzhou
clay samples (Guo, 2013).
The samples were collected
from a depth of 6-7 m;
- The parameters are based on
the work by Xiao et al.
(2014) who carried out a
series of tests based on the
hollow cylinder apparatus.

stress state and
dynamic stress
combinations.

QS1
(low plasticity)

QS1
Low to
medium
plasticity

QS1
Silty clay

QS1
Silty clay
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CL
Lean clay

CL
Lean clay

Hyde (1974)

Li and Selig
(1996)

CL
Lean clay

Puppala et al.
(1999)

CL
Lean clay

Puppala et al.
(2009)

𝜀1𝑝

𝑞
=𝑎
𝜎3

- a is a constant;
- 3 is the confining
stress;
- q is deviator stress.

-

WL=32%;
WP=18%;
IP=14%:
Gs=2.74.

- qd is the traffic-loadinduced dynamic
deviator stress;
𝑚
- a=0.84;
- qf is the static failure
𝑞𝑑
deviator stress of soil; - b=0.13;
𝜀𝑝 = 𝑎 ( ) 𝑁𝑏
𝑞𝑓
- a, b and m are soil
- m=2.0.
parameters and are
related to the plasticity
index of the subsoil.
- WL=44%;
- WP=15%;
- A,  and  are soil
𝑝
log 𝜀
parameters;
- IP=29% (medium
plasticity);
= log 𝐴
- oct and oct are the
𝜎𝑜𝑐𝑡
octahedral normal and - Sand
)
+ 𝛼 log 𝑁 + 𝛽 𝑙𝑜𝑔 (
content=10%;
𝜎𝑎𝑡𝑚
shear stresses,
- Silt content=70%;
respectively.
- Clay content=20%.
- WL=28.19%;
𝜀𝑝
𝛼3
𝛼4-  and 4 are the - IP=12.55% (low
𝜎𝑜𝑐𝑡
𝜏𝑜𝑐𝑡
plasticity);
model constants
= 𝛼1 𝑁 𝛼2 (
) (
)
𝑃𝑟𝑒𝑓
𝑃𝑟𝑒𝑓
- Gs=2.63;

- The tests included a constant
and variable confining stress;
- During the analysis, the
behaviour of the marl was
studied;
- The author states that these
results would be the same if
medium confining stress was
applied.

- The model was tested based
on triaxial tests;
- During this study, wellgraded sand, silty clay and
clay were tested.
- The model is based on
10,000 cycles;
- It includes the effects of
mean and shear stresses;

- Passing #200
=80%;
- Maximum dry unit
weight = 17.10
kN/m3;
- Wopt=17.11%;
- c=60 kPa;
- =18o.
- WL=16.70%;
 and 4 are the - IP=7.50% (low
plasticity);
model constants
- Gs=2.70;
determined from
- Passing
laboratory tests;
#200=38%;
oct and oct are the
octahedral normal and - Maximum dry unit
weight =16.9
shear stresses,
kN/m3;
respectively;
- Wopt=19.3%;
Pref is the reference
- c=103 kPa,;
stress.
- =35o.
𝜀𝑞,𝑟 is the axial residual
- IP=21.8%;
strain;
A is the residual strain - IL= 1.35 (medium
plasticity);
generated in the first
- Gs=2.74;
cycle;
- Wn=51.8%;
b is a material
parameter determining - e0=1.402;
the cumulating rate of - M (critical stress
ratio) = 1.28.
the residual strain with
loading cycles and is
equal to the gradient of
the residual strain curve

determined from
laboratory tests;
- oct and oct are the
octahedral normal and
shear stresses,
respectively;
- Pref is the reference
stress.
-

QS1
Silty clayed
sand

CL
Lean Clay

Puppala et al.
(2009)

𝜀𝑝
= 𝛼1 𝑁

𝛼3

𝛼2

𝜎𝑜𝑐𝑡
(
)
𝑃𝑟𝑒𝑓

𝛼
𝜏𝑜𝑐𝑡 4(
)
𝑃𝑟𝑒𝑓

-

-

QS1

36

CL
Lean clay

Wei et al.
(2017) –
based on
Xiao et al.
𝜀𝑞,𝑟 = 𝐴𝑁 𝑏 ;
(2014) Clay
𝐴 = 𝜀𝑞,𝑟 = 𝛼𝐾𝑞 𝐾Τ 𝐾𝛼 𝐾𝜎
(Shanghai
structural soft
clay)

-

- The model was tested based
on the cyclic triaxial tests;
- The permanent deformation
of clay, silt and sand were
measured from samples of
compacted soil with different
water content.
- The model is based on
10,000 cycles;
- It includes the effects of the
mean and shear stresses;
- The model was tested based
on the cyclic triaxial tests;
- The permanent deformations
of clay, silt and sand were
measured from samples of c
soil compacted with different
water contents.
- The model is based on the
power function developed by
Monismith et al. (1975);
- The parameter A depends on
the initial stress state and the
imposed dynamic stress on
samples of non-remoulded
Wenzhou clay (Guo, 2013).
The samples were collected
from a depth of 6-7 m;
- The parameters were
determined based on the

in the ln 𝜀𝑞,𝑟 – ln N
coordinate;
- 𝐾𝑞 and 𝐾Τ are
functions to reflect the
effect of wheel loadinduced stress;
- 𝐾𝛼 and 𝐾𝜎 are
functions to reflect the
effect of initial static
stress state and
dynamic stress
combinations.
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work by Xiao et al. (2014)
who performed a series of
tests based on the hollow
cylinder apparatus.

Table 2. Summarises of permanent deformation models for fine-grained soils - silts
UIC

QS1
Low to
medium
plasticity

QS1
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ASTM

Author’s

Equation

Variables and

Parameters and

classification

model

model

Empirical Constants

characteristics

ML
Silt

ML-CL
Silt - Lean
clay

Li and Selig
(1996)

Chen et al.
(2014)

- qd is the traffic-loadinduced dynamic
deviator stress;
𝑚
qf is the static failure
𝑞𝑑
𝑝
𝑏
deviator stress of soil;
𝜀 = 𝑎( ) 𝑁
𝑞𝑓
- a, b and m are soil
parameters and are
related to the plasticity
index of the subsoil.
- 𝜀1𝑝 (𝑁) is the strain
settlement;
- 𝜀1𝑝0 , B, a, s and m are
material parameters;
𝜀1𝑝 (𝑁)
pa=100 kPa;
= 𝜀1𝑝0 [1
- pini and qini are the
𝑎 mean and deviator
√𝑝𝑎𝑚 2 + 𝑞𝑎𝑚 2
stress in the initial state
)
− 𝑒 −𝐵𝑁 ] (
𝑝𝑎
of the layer;
- pam and qam are the
∙
amplitude of mean
stress and deviator
1
(𝑞 + stress
𝑞𝑎𝑚 ) for train
𝑝
𝑠
𝑚 (1 + 𝑝 𝑖𝑛𝑖 ) + 𝑝 − 𝑖𝑛𝑖𝑝 loadings,
respectively;
𝑎𝑚
𝑎𝑚
𝑎𝑚
- s is the intersection of
the Mohr-Coulomb
yielding criterion in the
q axle in the p-q space;

Observations

- a=1.2;
- b=0.18;
- m=2.4.

- WL=35 %;
- WP =24 %;
- IP =11 % (low to
medium plasticity); - The model is based on
- Gs=2.67;
Gidel’s model (Gidel et
- Cu=2.51;Cc=1.32;
al., 2001);
- Maximum dry
- This model takes into
density =15.89
account the direct
3
kN/m ;
influence of the initial
- Hydraulic
stress state.
permeability =
5.3×10-7 m/s;
- c’=11.7 kPa;
- ’=16.4o.

- m is the slope of the
yielding criterion.
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Table 3. Permanent deformation models for granular soils (sands)
UIC

-

-
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ASTM
classification

-

-

Author’s
model

MEPDG
model
(Ara and
Division,
2004)

Equation
model

𝜀0
𝛽
𝜀𝑝 = 𝛽𝑠 ( ) 𝑒 −(𝜌⁄𝑁) 𝜀𝑣
𝜀𝑟

𝑅
Korkiala𝜀𝑝 (𝑁) = 𝐶𝑁 𝑏
𝐴−𝑅
Tanttu (2005)

Variables and
Empirical Constants

Parameters and
characteristics

- s is the global
calibration coefficient;
- r is the resilient strain
imposed in the
laboratory test;
- v is the average
vertical resilient strain
(in the base layer of the
flexible pavements, for
example).

-

- C is a parameter
dependent on the stress
and also compaction
degree and water
content;
- b is a parameter
dependent on the stress
level, ratio of failure,
compaction degree and
water content;

-

Observations
- This model considers the
effect of the stress on
permanent deformation by
linearly projecting the
plastic deformation
obtained from the
laboratory tests through
vertical strains. This
projection is an
assumption without any
experimental or
mechanical justification; it
is therefore inaccurate due
to the nonlinear effect that
stress has on the
permanent deformation of
unbound granular
materials - UGM (Gu et
al., 2016).
- This model is based on the
Sweere’s model (Sweere,
1990).
- It uses the deviatoric
stress ratio to capture the
nonlinear effect of the
stress state. However,
plastic deformation is
infinity when the load
cycles go to infinity, so

- A corresponds to the
maximum value of the
ratio (the author
suggests a value close
to 1.05);
𝑞
- 𝑅 = 𝑞 , q is the

the model cannot
demonstrate the hardening
and softening behavior of
UGM.

𝑓

deviatoric stress and qf
corresponds to the
failure deviatoric
stress;

-
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-

Chow et al.
(2014)

𝜀 𝑝 = 𝐴𝑁 𝐵 𝜎𝑑𝐶 (

𝜏𝑓
𝜏𝑚𝑎𝑥

𝐷

)

- d is the deviatoric
shear stress;
- f is the shear stress;
- max is the shear
strength;
- A, B, C and D are the
regression coefficients.

-

- The model includes the
power
functions
of
deviatoric shear stress and
the shear strength ratio;
- The author developed 16
types of materials with one
confining pressure (=34.5
kPa) and three deviatoric
stresses. The RLT tests
show that this model has
higher R2 values but when
the number of load cycles
(N) goes to infinity, the
accumulated
plastic
deformation also goes to
infinity at one confining
pressure. Moreover, the
deviatoric shear stress term
affects the shear ratio in the
model and both parameters
represent the softening
behavior of the material

-  is the sum of the
principal stresses;
- f/máx is the ratio
related to the shear
∙ 𝐸𝑋𝑃 [𝑒
stress;
S corresponds to the
∙ (𝑆 − 𝑆𝑜𝑝𝑡 )
saturation level;
+ 𝑓 ∙ 𝑤𝑃𝐼 - Sopt corresponds to the
optimum saturation
+ 𝑔 ∙ 𝑤𝑃𝐼
level;
𝜏𝑓
- wPI corresponds to a
∙
+ℎ
weighted plasticity
𝜏𝑚𝑎𝑥
index;
∙ (𝑆 − 𝑆𝑜𝑝𝑡 )
- a, b, c, d, e, f, g and h
are the parameters
𝜃
∙ ]
determined based on
𝑝0
regression analysis.

without including the
hardening phenomenon.

𝜃 𝑏 𝜏𝑓 𝑐 𝑑
) 𝑁
𝜀𝑝 = 𝑎 ( ) (
𝑝0
𝜏𝑚á𝑥

-

QS1
Silty sand with
high fine
content

QS1
Silty sand with
high fine
content
42

-

Xiao et al.
(2015)

SM
Silty sand

Rahman and
Erlingsson
(2015)
and
Salour and
Erlingsson
(2016)

SM
Silty sand

Rahman and
Erlingsson
(2015)
and

𝜀𝑝 (𝑁) = 𝛼𝑁
𝑞
(𝑝 )
𝑎
𝑆𝑓 =
𝑝 𝛼
(𝑝 )
𝑎

𝑏𝑆𝑓

𝑆𝑓

𝜀𝑝 (𝑁) = 𝛼𝑁𝑏𝑆𝑓 𝑆𝑓
𝑞
(𝑝 )
𝑎
𝑆𝑓 =
𝑝 𝛼
(𝑝 )
𝑎

-

- q is deviatoric stress;
- p is mean stress;
- pa atmospheric
pressure;
- a, b and  are the
regression parameters.

- Cu≈28; Cc≈0.54;
- Gs=2.68;
- Fine
content=42.2%;
- Maximum dry
density =19.6
kN/m3;
- Wopt =10.1%.

- q is deviatoric stress;
- p is mean stress;
- pa atmospheric
pressure;

- Cu≈33; Cc≈0.75;
- Gs=2.67;
- Fine
content=27.4%;

- Triaxial cyclic tests took
place on the limestone,
dolomite and gravel
samples (materials used in
base, sub-base and
subgrade layers treated in
Illinois);
- The cohesion and friction
angle were determined for
three confining stresses.

- The triaxial tests were
carried out by considering
the constant confining
stress;
- They considered high
stress levels and reduced
stress levels.

- a, b and  are the
regression parameters.

Salour and
Erlingsson
(2016)

QS2

QS2

QS2

QS2
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SP
Poorly
graded sand

SP
Poorly
graded sand

SP
Poorly
graded sand

SP
Poorly
graded sand

Huurman
(1997)

𝑁 𝐵
) ]
𝜀1𝑝 (𝑁) = 𝐴 [(
1000
+𝐶
𝑁

∙ (𝑒 𝐷∙1000
− 1)

𝜀1𝑝 (𝑁)
Huurman
(1997)

Huurman
(1997)

𝑁

∙ (𝑒 𝐷∙1000
− 1)
𝑁 𝐵
) ]
𝜀1𝑝 (𝑁) = 𝐴 [(
1000
+𝐶
𝑁

∙ (𝑒 𝐷∙1000
− 1)
𝜀1𝑝 (𝑁)

Huurman
(1997)

𝑁 𝐵
) ]
= 𝐴 [(
1000
+𝐶

𝑁 𝐵
) ]
= 𝐴 [(
1000
+𝐶
𝑁

∙ (𝑒 𝐷∙1000
− 1)

- Maximum dry
density =20.3
kN/m3;
- Wopt =7.6%.
- Cu=1.69; Cc=1.39;
- Maximum dry
- A, B, C, D are
Density = 16.68
parameters function of
kN/m3;
stress level and stress
- Wopt =12.5%;
ratio (1/1;f).
- c=4.08 kPa;
=43.9 .
- Cu=1.69;
Cc=0.998;
- Cyclic triaxial tests were
- Maximum dry
- A, B, C, D are
carried out on the sands
Density = 16.73
parameters function of
used in the base layers;
kN/m3;
stress level and stress
- The samples were
- Wopt=13.0%;
ratio (1/1;f).
subjected to a confining
- c=6.76 kPa;
stress equal to 12 kPa
=43.0
(corresponds to a depth
- Cu=1.88; Cc=1.04;
equal to 0.60m);
- Maximum dry
During the test, a million
- A, B, C, D are
Density = 16.56
cycles were applied
parameters function of
kN/m3
(frequency equal to 5 Hz).
stress level and stress
- Wopt=14.0%;
ratio (1/1;f).
- c=6.34 kPa;
=41.8;
- Cu=2.10; Cc=1.05;
- A, B, C, D are
- Maximum dry
parameters function of
Density = 16.90
stress level and stress
kN/m3;
ratio (1/1;f).
- Wopt=12.5%;

QS2

QS2

QS2

QS2
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SP
Poorly
graded sand

SP
Poorly
graded sand

𝜀1𝑝 (𝑁)
Huurman
(1997)

Huurman
(1997)

𝑁

∙ (𝑒 𝐷∙1000
− 1)
𝑁 𝐵
) ]
𝜀1𝑝 (𝑁) = 𝐴 [(
1000
+𝐶
𝑁

∙ (𝑒 𝐷∙1000
− 1)
𝑝
𝜀1 (𝑁)

SP
Poorly
graded sand

Huurman
(1997)

SP
Poorly
graded sand

Sweere
(1990)

𝑁 𝐵
) ]
= 𝐴 [(
1000
+𝐶

𝑁 𝐵
) ]
= 𝐴 [(
1000
+𝐶
𝑁

∙ (𝑒 𝐷∙1000
− 1)

𝑙𝑜𝑔 (𝜀1𝑝 (𝑁))
= 𝑎 + 𝑏 𝑙𝑜𝑔 (𝑁)

- c=5.60 kPa;
=48.2 ;
- Cu=1.70; Cc=1.10;
- Maximum dry
- A, B, C, D are
Density = 15.61
parameters function of
kN/m3;
stress level and stress
- Wopt=14.50%.
ratio (1/1;f)
- c=7.19 kPa;
=42.8;
- Cu=2.35; Cc=1.14;
- Maximum dry
- A, B, C, D are
- Cyclic triaxial tests took
Density = 16.16
parameters function of
place on the sands used in
kN/m3;
stress level and stress
the base layers;
- Wopt=14.5%;
ratio (1/1;f).
- The samples were
- c=7.99 kPa;
subjected to a confining
- =39.7.
stress equal to 12 kPa
- Cu=3.76; Cc=1.37;
(corresponds to a depth
- Maximum dry
equal to 0.60m);
- A, B, C, D are
Density = 16.16
During the test, a million
parameters function of
kN/m3;
cycles were applied
stress level and stress
- Wopt=13.5%;
(frequency equal to 5 Hz).
ratio (1/1;f).
- c=7.48 kPa;
- =42.9;
- Application of 106 cyclic
- a,b – material
loads during the triaxial
parameters
cyclic tests;
- for each stress level,
- Density = 16.79
- The samples consisted of
separate permanent
kN/m3;
granular materials used in
strain parameters a and
- Cu =1.68;
the base layers, and sands;
b need to be
- Cc =1.10.
determined from the
- The UGM samples were
results of the cyclic
subjected to triaxial cyclic
load triaxial test.
tests.

- **The Sweeres’s
formula is valid for
granular materials
(Gidel et al., 2001).

QS2
Sa (>0.063 to
2)

SP
Poorly
graded sand

Puppala et al.
(2009)

QS2
Gravelly sand
(SaGr)

SP
Sand poorly
graded

Chen et al.
(2014)
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- The model is based on
- WL=26.40%;
10,000 cycles, and
- 3 and 4 are the
- Gs=2.71%;
includes the effects of
model constants
- Passing
mean and shear stresses;
determined from
#200=0.70%;
- The model was tested
laboratory tests;
𝜀𝑝
C
=
1.79;
C
=0.89;
based on the cyclic triaxial
u
c
𝛼3
𝛼4- oct and oct are the
𝜎
𝜏
- Maximum dry unit
tests;
𝑜𝑐𝑡
𝑜𝑐𝑡
octahedral normal and
= 𝛼1 𝑁 𝛼2 (
) (
)
weight
=15.70
The permanent
𝑃𝑟𝑒𝑓
𝑃𝑟𝑒𝑓
shear stresses,
3
kN/m ;
deformation of clay, silt
respectively;
- Wopt=13.70%;
and sand were measured
- Pref is the reference
- c=20 kPa;
using the soil samples
stress.
compacted with different
- =42o;
water content.
- 𝜀1𝑝 (𝑁) is the strain
- Gs=2.66;
settlement;
𝜀1𝑝 (𝑁)
- Cu=4.8; Cc=0.62;
- 𝜀1𝑝0 , B, a, s and m are - Maximum dry
𝑝0
= 𝜀1 [1
material parameters;
density =20.69
- The model is based on
𝑎- pa=100 kPa;
3
kN/m
;
Gidel’s model (Gidel et
2
2
√𝑝𝑎𝑚 + 𝑞𝑎𝑚 - p and q are the
−𝐵𝑁 ]
ini
ini
(
)
−𝑒
- Minimum dry
al., 2001);
𝑝𝑎
mean and deviator
density =15.89
- It considered the direct
stress in the initial state
kN/m3;
influence of the initial
∙
of the layer;
- Hydraulic
stress state.
- pam and qam are the
1
permeability =
of mean
(𝑞𝑖𝑛𝑖 + amplitude
𝑞𝑎𝑚 )
𝑝𝑖𝑛𝑖
𝑠
3.2×10-5m/s;
𝑚 (1 + 𝑝 ) + 𝑝 −
stress
and
deviator
𝑝𝑎𝑚
- c’=0 kPa;
𝑎𝑚
𝑎𝑚
stress for train
- ’=33o.
loadings, respectively.

QS2
Sa (>0.063 to
2)
Fine sand

QS2

SP
Poorly
graded sand

Cai et al.
(2015)

SP
Poorlygraded sand

Lekarp and
Dawson
(1998)

-  and  are
constants of the model
and determined through
𝑝
𝜀𝑧
laboratory tests;
𝜎𝑜𝑐𝑡 𝛼3 𝜏𝑜𝑐𝑡 𝛼-4 oct and oct are the
) (
)
= 𝛼1 𝑁 𝛼2 (
normal and shear
𝜎𝑎𝑡𝑚
𝜎𝑎𝑡𝑚
octahedral stresses,
𝛼5
respectively;
2
(√1 + 4𝜂 )
- atm is the reference
stress
-  is the cyclic torsional
stress ratio.

𝜀1𝑝 (𝑁𝑟𝑒𝑓 )

𝑞 𝑏
=𝑎∙( )
(𝐿⁄𝑝0 )
𝑝 𝑚𝑎𝑥

-

QS2

SP
Poorlygraded sand

Qian et al.
(2019a)

𝜀𝑁𝑎𝑐𝑐
= (𝛼1 ∆𝛾 + 𝛼2 ) + (𝛼3 ∆𝛾
𝑁
+ 𝛼4 )𝑙𝑛
100
-
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-

- The model is based on a
series of tests using the
hollow cylinder apparatus.
The permanent
deformation of a sand was
Gs=2.70;
studied in drained
Cu ≈1.63;
conditions by considering
Cc ≈0.89;
different levels of
D50=0.17 mm;
confining stress, and the
emax=1.142;emin=0.
ratios of cyclic vertical
628.
stress and cyclic torsional
stress;
- This model was developed
to incorporate the rotation
of principal stresses.

a and b:
- Dry density=14.91 - Triaxial cyclic tests and
Nref;
kN/cm3;
hollow cylinder tests were
𝐿 = √q2 + p2;
- Cu≈1.5;
carried out on limestone,
𝑝0 = 100 kPa
sand and gravel.
- Cc≈1.0.
(reference mean stress).
- Drained cyclic triaxial
𝜀𝑁𝑎𝑐𝑐 is the Nth vertical
tests with different levels
accumulative strain in
of initial mean effective
- Gs=2.54;
percentage;
stress (ps), relative density
- Cu≈1.65;
𝑁 𝑖𝑠 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑙𝑜𝑎𝑑𝑖𝑛𝑔 𝑐𝑦𝑐𝑙𝑒𝑠
(Dr), initial static stress
- Cc≈1;
ratio (ns) and cyclic stress
∆𝛾 is the calculated
- D50=0.16 mm
ratio were performed on
shear strain amplitude
- emax≈0.931;
saturated Toyoura sand.
in percentage
- emin≈0.611.
Indeed, the effects of
𝛼1 − 𝛼4 are model
cyclic stress ratio and
parameters
initial mean effective

-

-

QS3

QS3

QS3
Sa(>0.063 to
2)
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SP
Poorly
graded sand

SP
Poorlygraded sand

SW
Well-graded
sand

Hyde (1974)

Lekarp and
Dawson
(1998)

Puppala et al.
(1999)

𝜀1𝑝

𝑞
=𝑎
𝜎3

- a is a constant;
- 3 is the confining
stress;
- q is deviator stress.

-

a and b:
Nref;
𝜀1𝑝 (𝑁𝑟𝑒𝑓 )
𝑞 𝑏
=𝑎∙( )
𝐿 = √q2 + p2;
(𝐿⁄𝑝0 )
𝑝 𝑚𝑎𝑥
𝑝0 = 100 kPa
(reference mean stress).
- A,  and  are soil
log 𝜀 𝑝
parameters;
= log 𝐴
- oct and oct are the
𝜎𝑜𝑐𝑡
octahedral normal and
)
+ 𝛼 log 𝑁 + 𝛽 𝑙𝑜𝑔 (
𝜎𝑎𝑡𝑚
shear stresses,
respectively.

-

Gs=2.72;
Cu≈16;
Cc≈0.69;
Maximum dry
densisty=21.76
kN/m3;
- Wopt=7.5±0.5%;

-

stress on the permanent
deformation;
The estimated permanent
strains show a good
agreement with the
measured data. The
deviation between the
estimation and the
measurement is less than
20%.
The tests were carried out
under a constant and
variable confining stress;
During the analysis, the
behaviour of the marl was
studied;
The author states that the
results would be the same
if medium confining stress
was applied.

- Dry density=20.10 - Triaxial cyclic tests and
kN/m3;
hollow cylinder tests were
- Cu≈32;
carried out on limestone,
sand and gravel.
- Cc≈0.2.

- % sand =100.

- The model was tested
based on triaxial tests;
- During his study, wellgraded sand, silty clay and
clay were considered.

QS3
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SW
Well-graded
sand

𝜀1𝑝 (𝑁)
Huurman
(1997)

𝑁 𝐵
) ]
= 𝐴 [(
1000
+𝐶
𝑁

∙ (𝑒 𝐷∙1000
− 1)

- Cyclic triaxial tests were
carried out on the sands
- Cu=10.5; Cc=1.25;
used in the base layers;
- Maximum dry
- The samples were
- A, B, C, D are
Density = 17.21
subjected to a confining
parameters function of
3
kN/m ;
stress equal to 12 kPa
stress level and stress
- Wopt =10.5%;
(corresponds to a depth
ratio (1/1;f)
- c=8.68 kPa;
equal to 0.60m);

During the test, a million
- =50.2 .
cycles were applied
(frequency equal to 5 Hz).

Table 4. Permanent deformation model for granular soils (gravels and sandy gravels)
UIC

QS2
Sandy gravel
(GrSa)
Cu≈200;
Cc≈0.8

QS2
Sandy gravel
(GrSa)
Cu≈73;
Cc≈1.5

QS2
Sandy gravel
(GrSa)
Cu≈98;
Cc≈2.8

QS2
Sandy gravel
(GrSa)
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ASTM

Author’s

Equation

Variables and

Parameters and

classification

model

model

Empirical Constants

characteristics

GP-GM/GC
Poorlygraded sandy
gravel
(no
information
about the
fines)
GW-GM/GC
Well-graded
sandy gravel
(no
information
about the
fines)
GW-GM/GC
Well-graded
sandy gravel
(no
information
about the
fines)
GW-GM/GC
Well-graded
sandy gravel
(no

Rahman
and
Erlingsson
(2015)

𝜀𝑝 (𝑁) = 𝛼𝑁𝑏𝑆𝑓 𝑆𝑓
𝑞
(𝑝 )
𝑎
𝑆𝑓 =
𝑝 𝛼
(𝑝 )
𝑎

𝑏𝑆𝑓

Rahman
and
Erlingsson
(2015)

𝜀𝑝 (𝑁) = 𝛼𝑁
𝑞
(𝑝 )
𝑎
𝑆𝑓 =
𝑝 𝛼
(𝑝 )
𝑎

Rahman
and
Erlingsson
(2015)

𝜀𝑝 (𝑁) = 𝛼𝑁𝑏𝑆𝑓 𝑆𝑓
𝑞
(𝑝 )
𝑎
𝑆𝑓 =
𝑝 𝛼
(𝑝 )
𝑎

Rahman
and
Erlingsson
(2015)

𝑆𝑓

𝜀𝑝 (𝑁) = 𝛼𝑁𝑏𝑆𝑓 𝑆𝑓

Observations

- Gs=2.54;
- q is deviatoric stress;
- Maximum dry
- p is mean stress;
density =21.67
- pa atmospheric
kN/m3;
pressure;
- Fines Content =
- a, b and  are the
10.2%;
regression parameters.
- Wopt =6%.
-

-

- Gs=2.68;
q is deviatoric stress; - Fines Content =
p is mean stress;
8.6%;
- The triaxial tests took
pa atmospheric
- Maximum dry
place by considering
pressure;
density
constant confining stress;
3
- = 23.05 kN/m ; - The tests considered high
a, b and  are the
regression parameters. - Wopt =6.9%.
stress levels and reduced
stress levels.
- Gs=2.64;
q is deviatoric stress;
- Fines Content =
p is mean stress;
6.5%;
pa atmospheric
- Maximum dry
pressure;
density = 22.16
a, b and  are the
kN/m3;
regression parameters.
- Wopt =6 %.
q is deviatoric stress;
- Gs=2.64;
p is mean stress;
- Fines Content =
pa atmospheric
12%;
pressure;

Cu≈117;
Cc≈2.2

information
about the
fines)

𝑆𝑓 =

𝑞
(𝑝 )
𝑎

𝑝 𝛼
(𝑝 )
𝑎

QS2-QS3
(average to
good soils)
Classification
based on the
LA and MDE
results.

𝜀𝑝 (𝑁)
𝑁 −𝐵
) ]
100
𝐿𝑚á𝑥 𝑢
𝑠
) (𝑚 +
×(
𝑝𝑎
𝑝𝑚𝑎𝑥
−1
𝑞𝑚𝑎𝑥
)
−
𝑝𝑚𝑎𝑥
= 𝜀 0 [1 − (
-

Gidel et al.
(2001)

- Maximum dry
- a, b and  are the
density =21.77
regression parameters.
kN/m3;
- Wopt =6.5 %.
- 0, B and u are material
parameters
- pmax and qmax are the
maxima
applied
hydrostatic stress and
the deviator stress,
respectively.
- s is the intercept of the
Mohr-Coulomb failure
line in the p-q space
- m is the slope of this
failure line
- pa correspond to the
reference stress (100
kPa).
- The value Lmax is
calculated considering
the
following
expression:
- 𝐿𝑚á𝑥 =
√𝑝𝑚𝑎𝑥 2 + 𝑞𝑚𝑎𝑥 2
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- 0/20 mm
(limestone
unbound
granular
material);
- LA=22;
MDE=15;
- pdSPO=2450
kg/m3;
- WSPO=4.4%;
- Fines
content=10%;
- D=160 mm;
H=320 mm.

- This model is based on
cyclic triaxial tests on
two samples where the
particles had different
dimensions: hard
limestone (0/20 mm) and
microgranite (0/10 mm);
- The tests included
several load levels (40) at
almost 20,000 cycles.

QS2-QS3
(average to
good soils)
Classification
of the
subgrade
(based on the
LA and MDE
results):

𝜀𝑝 (𝑁)
𝑁 −𝐵
) ]
= 𝜀 [1 − (
100
𝐿𝑚á𝑥 𝑢
𝑠
) (𝑚 +
×(
𝑝𝑎
𝑝𝑚𝑎𝑥
𝑞𝑚𝑎𝑥 −1
)
−
𝑝𝑚𝑎𝑥
0

-

Gidel et al.
(2001)

- 0, B and u are material
parameters
- pmax and qmax are the
maxima
applied
hydrostatic stress and
the deviator stress,
respectively.
- s is the intercept of the
Mohr-Coulomb failure
line in the p-q space
- m is the slope of this
failure line
- pa correspond to the
reference stress (100
kPa).
- The value Lmax is
calculated considering
the
following
expression:
- 𝐿𝑚á𝑥

- 0/10 mm
(granular
material
obtained from
microgranite);
- LA=20;
MDE=13;
- pdSPO=2200
kg/m3;
- WSPO=6.3%
- Fines
content=7.8%;
- D=76.2 mm.

= √𝑝𝑚𝑎𝑥 2 + 𝑞𝑚𝑎𝑥 2

QS2 – QS3
Sandy gravel
(GrSa)

51

GW
Well-graded
gravel

Ling et al.
(2017)

𝜀𝑎𝑐𝑐 (𝑁) = 𝑓𝑎𝑚𝑝𝑙 𝑓𝑛 𝑓𝑝 𝑓𝑁

- fampl describes the range
intensity of PD with the
increase of the cyclic
stress amplitude;
- fp
represents
the
influence of the initial
mean stress;
- fn
represents
the
influence of the initial
stress ratio;

- Cu≈60;
- Cc≈1.3;
- Sand
content=40%;
- Gravel content
=60%;

- The study focused on
granular materials.

QS3

QS3
Sandy gravel
(GrSa)
Cu≈26;
Cc≈0.9

QS3
Sandy gravel
(GrSa)
Cu≈35;
Cc≈4.6

QS3

52

GP
Poorlygraded gravel

GP
Poorlygraded sandy
gravel

GP
Poorlygraded sandy
gravel

GW
Well-graded
Gravel

Lekarp and
Dawson
(1998)

𝜀1𝑝 (𝑁𝑟𝑒𝑓 )
𝑞 𝑏
=𝑎∙( )
(𝐿⁄𝑝0 )
𝑝 𝑚𝑎𝑥

Rahman
and
Erlingsson
(2015)

𝜀𝑝 (𝑁) = 𝛼𝑁𝑏𝑆𝑓 𝑆𝑓
𝑞
(𝑝 )
𝑎
𝑆𝑓 =
𝑝 𝛼
(𝑝 )
𝑎

Rahman
and
Erlingsson
(2015)

𝜀𝑝 (𝑁) = 𝛼𝑁𝑏𝑆𝑓 𝑆𝑓
𝑞
(𝑝 )
𝑎
𝑆𝑓 =
𝑝 𝛼
(𝑝 )
𝑎

Lekarp and
Dawson
(1998)

𝜀1𝑝 (𝑁𝑟𝑒𝑓 )
𝑞 𝑏
=𝑎∙( )
(𝐿⁄𝑝0 )
𝑝 𝑚𝑎𝑥

- fN characterizes the
trend of the variation’s
deformation with the
number of cyclic loads.
- a and b ;
- Dry
- Nref;
density=21.18
- 𝐿 = √q2 + p2;
kN/m3;
- 𝑝0 = 100 kPa
- Cu≈92;
(reference mean
- Cc≈6.4.
stress).
- Gs=2.49;
- q is deviatoric stress;
- Fines Content
- p is mean stress;
(<0.075 mm) =
- pa atmospheric
3.8%;
pressure;
- Wopt =7.5%;
- a, b and  are the
- Maximum dry
regression parameters.
density = 20.89
kN/m3.
- Fines Content
- q is deviatoric stress;
(<0.075 mm) =
- p is mean stress;
1.4%;
- pa atmospheric
- Wopt =5%;
pressure;
- Gs=2.61;
- Maximum dry
- a, b and  are the
density = 21.18
regression parameters.
kN/m3.
- Dry
- a and b;
density=20.50
- Nref;
kN/m3;
- Cu≈75;
- 𝐿 = √q2 + p2;
- Cc≈1.3.

- Triaxial cyclic tests and
hollow cylinder tests took
place on limestone, sand
and gravel.

- The triaxial tests
considered constant
confining stress;
- The tests also considered
high stress levels and
reduced stress levels.

- Triaxial cyclic tests and
hollow cylinder tests took
place on limestone, sand
and gravel.

QS3

QS3
Sandy gravel
(GrSa)
Cu≈16;
Cc≈1.6

QS3
Sandy gravel
(GrSa)
Cu≈20;
Cc≈1.5

GW
Well-graded
Gravel

GW
Well-graded
sandy gravel

GW
Well-graded
sandy gravel

Lekarp and
Dawson
(1998)

𝜀1𝑝 (𝑁𝑟𝑒𝑓 )
𝑞 𝑏
=𝑎∙( )
(𝐿⁄𝑝0 )
𝑝 𝑚𝑎𝑥

Rahman
and
Erlingsson
(2015)

𝜀𝑝 (𝑁) = 𝛼𝑁𝑏𝑆𝑓 𝑆𝑓
𝑞
(𝑝 )
𝑎
𝑆𝑓 =
𝑝 𝛼
(𝑝 )
𝑎

Rahman
and
Erlingsson
(2015)

𝜀𝑝 (𝑁) = 𝛼𝑁𝑏𝑆𝑓 𝑆𝑓
𝑞
(𝑝 )
𝑎
𝑆𝑓 =
𝑝 𝛼
(𝑝 )
𝑎
𝜀𝑝

QS3

GW
Well-graded
Grave
(granite
aggregate)

Gu et al.
(2016)

𝐾=
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𝜌

𝑚

= 𝜀0 𝑒 −(𝑁) (√𝐽2 ) (𝛼𝐼1
+ 𝐾)𝑛
2 sin ∅
𝛼=
√3(3 − sin ∅)
𝑐 ∙ 6 cos ∅
√3(3 − sin ∅)

- 𝑝0 = 100 kPa
(reference mean
stress);
- a and b ;
- Nref
- 𝐿 = √q2 + p2;
- 𝑝0 = 100 kPa
(reference mean
stress).

- Dry
density=22.16
kN/m3;
- Cu≈55;
- Cc≈1.3.

- Gs=2.64;
- q is deviatoric stress;
- Fines Content=
- p is mean stress;
2.4%;
- pa atmospheric
- Maximum dry
pressure;
density = 20.59
- a, b and  are the
kN/m3;
regression parameters.
- Wopt =5.5 %.
- Gs=2.63;
- q is deviatoric stress;
- Fines Content=
- p is mean stress;
2.2%;
- pa atmospheric
- Maximum dry
pressure;
density =20.35
- a, b and  are the
kN/m3;
regression parameters.
- Wopt =5.5 %.
- J2 is the second
invariant of the
- d=2.162 kg/m3;
deviatoric stress
- = 6.7%;
tensor;
- PI=4; LL=25;
- I1 is the first invariant
- =51.3o; c=20.2
of the stress tensor;
kPa;
- c and  are the
Cu≈25; Cc≈2.8.
cohesion and friction
angle, respectively;

- The triaxial tests
considered constant
confining stress;
- The tests also considered
high tress levels and
reduced stress levels.

- This model used the
shear strength ratio and
stress terms in the
Drucker-Prager model to
construct a stressdependent model;
- The stress term √𝐽2
represents the softing

- 0, , , m and n are
model coefficients.

𝜀𝑝

QS3
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GW
Well-graded
Gravel
(limestone
conglomerate
aggregate)

Gu et al.
(2016)

𝜌

𝑚

= 𝜀0 𝑒 −(𝑁) (√𝐽2 ) (𝛼𝐼1
+ 𝐾)𝑛
2 sin ∅
𝛼=
√3(3 − sin ∅)
𝐾=

𝑐 ∙ 6 cos ∅
√3(3 − sin ∅)

- J2 is the second
invariant of the
deviatoric stress
tensor;
- I1 is the first invariant
of the stress tensor;
- c and  are the
cohesion and friction
angle, respectively;
- 0, , , m and n are
model coefficients.

effects that deviatoric
shear stress has on the
material, and a larger
value yields larger
permanent deformation;
- The power m is always
positive and the term
𝛼𝐼1 + 𝐾 indicates the
hardening/strengthening
effect that hydrostatic
stress has on UGM; it is
3
highly affected by the
- d=1.934 kg/m ;
strength parameter
- = 13.5%;
(cohesion and friction
- PI=non-plastic;
angle);
LL=not
- A higher value of 𝛼𝐼1 +
applicable;
o
𝐾 leads to smaller plastic
- =54.9 ; c=66.2
deformation. The power
kPa;
n is always a negative
- Cu≈45; Cc≈1.25.
number. The authors
carried out a compressive
strength test to determine
the cohesion, the friction
angle, and also  and K
by plotting the diagram
√𝐽2 – I1and Repeated
Load Triaxial Tests
(N=10,000 cycles).

Table 5. Empirical models dependent on the number of load cycles
Authors

Permanent Strains

Barksdale

𝜀1𝑝 = 𝑎 + 𝑏 𝑙𝑜𝑔 (𝑁)

(1972)

Khedr (1985)

Paute (1988)

𝜀1𝑝
𝑁

𝜀1𝑝 = 𝐴0

= 𝐴 ∙ 𝑁 −𝑏

√𝑁
√𝑁 + 𝐷

+ 𝜀1𝑝 (100)

Tseng and
Lytton

𝜌

𝜀 𝑝 = 𝜀0𝑝 𝑒 −(𝑁)

(1989b)

Sweere
(1990)
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𝑙𝑜𝑔 (𝜀1𝑝 (𝑁))

Parameters
- a and b are constants
- b is a material parameter
- A is a material and stressstrain parameter given as a
function of shear stress ratio
and resilient modulus
- A0 – parameter function of
the stress level,
- D is a regression parameter
- 𝜀1𝑝 (100) – permanent
deformation after the first
100 cycles
- p is the permanent strain
- 𝜀0𝑝 is the maximum
permanent strain
- N is the number of load
cycles
-  is the scale factor
-  is the shape factor
- a,b – material parameters

* for each stress level, separate
= 𝑎 + 𝑏 𝑙𝑜𝑔 (𝑁) permanent strain parameters a
and b need to be determined
from the results of cyclic load
triaxial test

Hornych
(1993)
Vuong
(1994)
Wolff and
Visser (1994)
Huurman

𝜀1𝑝 (𝑁)

𝑁 −𝐵
) ]
= 𝐴 [1 − (
100
+ 𝜀1𝑝 (100)

𝑎
𝜀1𝑝 = 𝜀1𝑟 ( ) 𝑁 𝑐
𝑏

𝑁 𝐵
) ]+𝐶
𝜀1𝑝 (𝑁) = 𝐴 [(
1000
∙ (𝑒
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- a,b and c
- 𝜀1𝑟 is the resilient axial strain

𝜀1𝑝 = (𝑐𝑁 + 𝑎)(1 − 𝑒 −𝑏𝑁 )

(1997)

𝐷∙

𝑁
1000

**The Sweeres’s formula is
valid for granular materials
(Gidel et al., 2001)
- A and B
p
- ε1 (100) - permanent
deformation after the first
100 cycles

- a, b and c are regression
parameters
- A, B, C, D are parameters
function of stress level

− 1)

Table 6. Empirical permanent deformation models dependent on the number of load cycles and stress levels
Authors

Barksdale
(1972)

Hyde (1974)
Shenton
(1974)

Pappin (1979)

Permanent Strains

- 𝑎. 𝜎3𝑏 is a relationship defining
the initial tangent modulus as a
𝜀1𝑝
function of confining pressure
𝑞/𝑎. 𝜎3𝑏
(3); a and b are constants
=
- Rf is the ratio of the applied
𝑅𝑓 ∙ 𝑞 ∙ (1 − sin ∅)
1−[
]
deviator stress at failure qf
2(𝐶 ∙ cos ∅ + 𝜎3 sin ∅)
-  is the friction angle and C is
the cohesion
a is a constant;
𝑞
𝜀1𝑝 = 𝑎
- 3 is the confining stress;
𝜎3
- q is deviator stress.
𝛼
- K and α
𝑞𝑚𝑎𝑥
)
𝜀1𝑝 = 𝐾 (
- qmax is the maximum deviatoric
𝜎3
stress applied
- fn(N) – depends on the number
of cycles (shape factor);
- q0 is the modified deviator stress
2.8
𝑞0
(√2/3 ∙ 𝑞)
𝜀1𝑝 = 𝑓𝑛 (𝑁) ∙ 𝐿 ∙ ( 0 )
𝑝
- p0 is the modified mean normal
stress (√3 ∙ 𝑝)
- 𝐿 = √𝑝2 + 𝑞 2 (length of stress
path)
𝑞 −0.15

𝑝

Lentz and
Baladi (1980)
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Parameters

𝜀1 = 𝜀0.95𝑆 ln (1 − 𝑆 )
𝑛 (𝑞 ⁄𝑆)

[1−𝑚(𝑞⁄𝑆)] 𝑙𝑛(N)

+

- ε0,95S is the axial strain at 95%
of the deviatoric stress at failure
- m is the slope of the failure line
- S is the deviatoric stress at
failure

Tseng and
Lytton (1989a)

𝛽

𝜀1𝑝 = 𝜀0𝑝 𝑒 −(𝜌⁄𝑁)

𝜀1𝑝∗ = 𝑓(𝑁) ∙ 𝐴
Paute et al.
(1994)

Nishi (1994)
Lekarp and
Dawson
(1998)
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𝑞
(𝑝 + 𝑝∗ )
= 𝑓(𝑁) ∙
𝑞
)
𝑏 (𝑚 −
(𝑝 + 𝑝∗ )

𝑝
𝜀1,𝑢𝑙𝑡
=𝑘

𝑞𝑎
𝑝𝑏

𝜀1𝑝 (𝑁𝑟𝑒𝑓 )
𝑞 𝑏
=𝑎∙( )
(𝐿⁄𝑝0 )
𝑝 𝑚𝑎𝑥

- p is the permanent strain of the
granular material;
- 𝜀0𝑝 is the maximum permanent
strain;
- 𝑁 is the number of laod cycles
-  is the scale factor;
-  is the shape factor.
- 𝜀1𝑝∗ is the permanent axial strain
after the first 100 cycles
- b – regression parameter
- p* is a stress parameter defined
by the intersection of the static
failure line and p-axis in p-q
space
- m is the slope of the failure line
in p-q space
- f(N) function of the number of
cycles N
- a and b
𝑝
- 𝜀1,𝑢𝑙𝑡
is the ultimate permanent
axial strain
- a and b
- Nref
- 𝐿 = √q2 + p2 ,
- 𝑝0 = 100 kPa (reference mean
stress)

Table 7. Materials selected for the preliminary analysis of the permanent deformation
Author
Chen et al.
(2014)
Salour and
Erlingsson
(2016) and
Erlingsson et al.
(2017)

Huurman
(1997)
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Soils

ASTM
UIC
Classification classification

Sand

SP

QS2

Silt

CL-ML

QS1

Silty Sand
(42.2% fines)

SM

QS1

Silty Sand
(27.4% fines)

SM

QS1

Well-graded
Sand

SP

QS2

Poor-graded
Sand

SW

QS3

Observations
Compacted at field
conditions and saturated
Compacted at field
conditions and saturated
Compacted at optimum
compaction – standard
Proctor
Compacted at optimum
compaction - standard
Proctor
Compacted at optimum
compaction - standard
Proctor
Compacted at optimum
compaction - standard
Proctor

Table 8. Physical properties of the materials - granulometry
Salour and
Erlingsson (2016)
Authors
Huurman (1997)
and Erlingsson et
al. (2017)
Silty
Silty
Clay
Clay
Material/
C.
Crusher (42.2% (27.4%
Properties Bruynweg
fines
fines
content) content)
Cu
2.1
10.5
28
33
Cc
1.05
1.25
0.54
0.75
D10
0.148
0.217
D30
0.219
0.784
D50
0.280
1.722
D60
0.31
2.28
CBR (%)
22
15.7
-
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Chen et al. (2014)

Silt

Coarse
sand

2.51
1.32
-

4.68
0.62
-

Table 9. State conditions of the materials

Authors

Huurman (1997)

Material/
C.
Properties Bruynweg
dry;max
(kg/m3)
Wopt (%)
wet
(kg/m3)
Liquid
limit (%)
Plastic
limit
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Crusher

Salour and
Erlingsson (2016)
and Erlingsson et
al. (2017)
Silty
Silty
Clay
Clay
(42.2% (27.4%
fines
fines
content) content)

Chen et al.
(2014)

Silt

Coarse
sand

1723

1755

1998

2070

1620

2110

12.5

10.5

10.1

7.6

-

-

1942

1937

-

-

-

-

Nonplastic
Nonplastic

Nonplastic
Nonplastic

Nonplastic
Nonplastic

Nonplastic
Nonplastic

35
24

Nonplastic
Nonplastic

Table 10. Strength properties of the materials
Salour and
Erlingsson (2016)
Authors
Huurman (1997)
Chen et al. (2014)
and Erlingsson et
al. (2017)
Silty
Silty
Clay
Clay
Material/
C.
Coarse
Crusher (42.2% (27.4%
Silt
Properties Bruynweg
sand
fines
fines
content) content)
o
48.2
50.20
36.18
45.66
11.7*
0*
( )
c (kPa)
5.60
8.68
15.82
10.43
16.4*
33*
s (kPa)**
9.90
14.90
31.80
19.10
24.8
0
m**
1.98
2.07
1.47
1.88
0.62
1.33
* In this case, the author described the saturated samples (silt and coarse sand)
in ’ and c’
** s and m are the parameters used to define the failure envelope: q=s+mp
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Table 11. Parameters of Chen’s model and its relationship with the ASTM and UIC classification

Silt (Chen et al., 2014)
Silty sand (43% fines)
(Erlingsson and
Rahman, 2013)
Silty sand (27% fines)
(Erlingsson and
Rahman, 2013)
Coarse sand (Chen et
al., 2014)
Poor-graded sand
(Huurman, 1997)
Well-graded sand
(Huurman, 1997)
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p0



0.0029

0.2680

ASTM
UIC
classification classificatio

n
0.3390
CL
QS1

0.0067

0.6500

0.2000

SM

QS1

0.0069

0.6500

0.2000

SM

QS1

0.0018

0.3340

0.3390

SP

QS2

0.0505

0.0104

0.0018

SP

QS2

0.0486

0.0111

0.0569

SW

QS3

Table 12. Properties of the clay (in optimum conditions) tested in the Puppala et al. (2009)
Properties and
parameters
 (o)
c (kPa)
Liquid limit (%)
Plasticity index
(%)
Maximum dry
unit weight
(kN/m3)
Wopt (%)
1
2
3
4
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Clay
18
60
28.19
12.55
17.10
17.11
0.24
0.31
-1.77
2.85

Track Degradation

Plain Track

Transition Zone

Figure 1. Example of a rail track at a transition zone
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Structure

d – deviator stress

1st cycle 2nd cycle

Increment deformation Resilient
(second cycle)
deformation

 – axial or shear deformation

Cumulative plastic deformation
(after two cycles)

Figure 2. Illustration of the accumulation of permanent deformation under cyclic loads (after two cycles)
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Figure 3. Accumulation of permanent strain (adapted from Erlingsson et al. (2017)

Figure 4. Illustration of shakedown theory (Erlingsson et al., 2017)
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Single-stage RLT
tests

Cohesive materials

Granular materials

Multi-stage RLT
tests

Complexity

Figure 5. Division of the mechanistic-empirical permanent deformation models
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Silty sand - 43% fines (Salour
and Erlingsson) - QS1 (SM)
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and Erlingsson) - QS1 (SM)
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Figure 6. Total stress path selected and failure envelopes of Mohr-Coulomb yielding criteria
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N
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Figure 7. Comparison between the permanent deformation of a poorly graded (C. Bruynweg) and well-graded (crusher) sand under different stress
ratios
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Strain (%)

3.E-04

Silty sand - 43% fines (Salour
and Erlingsson) - QS1 (SM)
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Figure 8. Permanent deformation of the materials applying the Chen et al. (2014) model
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Figure 9. Permanent deformation predicted by Chen et al. (2014)’s model for different soils (N=30,000 cycles) under a stress ratio 1/1:f = 0.4
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Figure 10. Influence of the moisture content in the permanent deformation of a clay (Puppala’s model): a) permanent deformation results applying the
Chen et al. (2014) model; b) Ranking of permanent deformation for clay
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